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Abstract. Relativistic system for a vector-bispinior describing a massless spin 3/2 field is studied in the spherical coordi-
nates of Minkowski space. Presentation of the equation with the use of the covariant Levi-Civita tensor exhibits existence of
the gauge solutions in the form of the covariant 4-gradient of an arbitrary bispinor. Substitution for 16-component field func-
tion is based on the use of Wigner functions, it assumes diagonalization of the operators of energy, square and third projection
of the total angular momentum, and space reflection. We derive radial system for eight independent functions. General struc-
ture of the spherical gauge solutions is specified, and it is demonstrated that the gauge radial functions satisfy the derived
system. It is proved that the general system reduces to two couples of independent 2-nd order and nonhomogeneous differen-
tial equations, their particular solutions may be found with the use of the gauge solutions. The corresponding homogeneous
equations have one the same form, they have three regular singularities and one irregular of the rank 2. Frobenius types solu-
tions for this equation have been constructed, and the structure of the involved power series with 4-term recurrent relations
sre studied. Six remaining radial functions may be straightforwardly found by means of the simple algebraic relations. Thus,
we have constructed two types of solutions with opposite parities which do not contain gauge constituents.
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BE3MACCOBOE IIOJIE CO CIIMHOM 3/2: COEPUYECKHUE PEINIEHU S
N YCTPAHEHHUE KAJIMBPOBOYHBIX CTENNEHEW CBOBO/IbI

(Ilpeocmasneno unenom-xkoppecnondenmon /. C. Mozunesyegvim)

AHHOTanus. PensTUBUCTCKAs cCHCTEMa yPaBHEHUH JUUIsl BEKTOP-OUCIIMHOPA, OIHCHIBAIOIIETO 0€3MaCCOBYIO YaCTHUILY CO
ciiHOM 3/2, nccuenyercs B chepudeckol CHCTeMe KOOPAMHAT M COOTBETCTBYIONIEH TETpajie MPOCTpaHCTBA MUHKOBCKOTO.
[IpencraBiieHre BOJIHOBOTO ypaBHEHUS C HCIIOJIb30BaHHEM TeH30pa JleBn—UnBuTa BBISBISET CyIIECTBOBAHNE KAITHOPOBOU-
HBIX pELIeHUl B BuJe 4-TUBEPreHIUN OT MPOU3BOIbHOr0 Oucnuuopa. [logcranoBka aist 16-KOMIIOHETHOMH 10IeBOH (yHK-
LMY OCHOBAHA Ha MCIIOJIb30BaHUN QyHKIUH Buruepa, ona nmpearmonaraeT JuaroHaIM3anuio YeThIPEX OIIepaTOPOB: SHEPTUH,
KBaJpara ¥ TPEThEH MPOEKIMH MOJHOIO YIJIIOBOIO MOMEHTA, a TaKXkKe OllepaTopa IPOCTPaHCTBEHHOro orpaxeHus. Ilocie
paszeneHus IepeMEeHHBIX BBIBEICHA CUCTEMa U3 § paAHMalbHBIX ypaBHeHHHU. JleTanu3upyercs obmas CTpyKTypa Kaauopo-
BOUYHBIX CEPUUCCKU CUMMETPUIHBIX PEIICHUH, TOKA3BIBACTCS, YTO ATH PaHalbHble (YHKINN 00OpaIIaloT B TOXICCTBA BCE
8 ypaBHenwuit obmeit cuctemsl. [lokaspiBaercs, 4To 00IIast CUCTEMa IPUBOAUTCS K ABYM IapaM HEOIHOPOIHBIX AU HepeH-
[UaIBHBIX YPaBHEHUH BTOPOTO MOPSIKA, UX YaCTHBIE PEIICHUS OCTPOCHBI HA OCHOBE HCIIOJIb30BaHMS KaJTHOPOBOYHEIX pe-
LEeHUH crenuanbHoro Bujia. CoOTBETCTBYIOIUE OJHOPOAHBIC YPABHEHUS UMEIOT OJHY U Ty XK€ CTPYKTYpY C TpeMs pery-
JISIPHBIMH OCOOBIMY TOYKaMH M OJTHOH HeperyJIsIpHOi paHra 2. [TocTpoeHBI X PEIIeHH s, HCCIICI0BAaHA CTPYKTYpa BXOISIINX
B HUX CTEICHHBIX PSI0B C 4-4JICHHBIMU PEKYPPEHTHBIMU COOTHOIICHUSIMH. TakuM 00pa3oM, IOCTPOEHBI 1Ba HE3aBUCHMBIX
KJIacCa PEMICHUH C IPOTHBOJIOKHBIMHI YETHOCTSIMH, KOTOPBIE HE COEPXKAT KAJINOPOBOYHBIX KOMIIOHEHT.
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KuroueBbie coBa: ciiuh 3/2, 6e3MaccoBoe 1oJie, KaTuOpoBOYHAs CHMMETPHS, TETPAIHBIN (HOPMAIU3M, IPOCTPAHCTBO
MWUHKOBCKOT0, chepruuecKrue KOOpAuHaThl, PyHKIUK BUrHepa, TOUHbIE PELIEHNUs, UCKIIIOUEHHE KaJINOPOBOYHBIX CTEIEHEH
cBOOOJIBI

Jast uuTupoBanus. besmaccoBoe mosie co criHoM 3/2: cepruecKie pelieH s U yCTPaHEHHE KaTMOPOBOUHBIX CTEIe-
Heit cBoOonbl / A. B. Bamkesuy [u np.] / Joki. Ham. akan. Hayk benapycu. — 2021, — T. 65, Ne 6. — C. 668—679. https://doi.
org/10.29235/1561-8323-2021-65-6-668-679

Introduction. The theory of spin 3/2 particle is attracted steady interest after the seminal investi-
gation by Pauli—Fierz [1; 2] and Rarita—Schwinger [3], this subject has a long history (see in [4-20]). Let
us recall the most significant aspects of this theory. First of all, it is the problem of choosing the initial
equations. The most consistent is the approach based on the Lagrangian formalism and the first order
system equations for multi-component field. However the most of investigations are performed with the
use of the second order equations, so is the basic Pauli—Fierz approach. Applying the first order formalism
ensures the correct solving of the problem of independent degrees of freedom in presence of external
fields; for instance see in [18]). The great attention was given to existence in this theory solutions which
correspond to states when the particle moves with velocity greater than the light velocity. Finally a se-
parate interest has a massless case for spin 3/2 field, when as shown by Pauli and Fierz there exists
specific gauge symmetry: the 4-gradient of arbitrary bispinor function provides us with solutions for the
massless field equation for instance, see in [18]. Similar gauge symmetry arises also for massless spin 2
theory referring to graviton. These gauge solutions do not contribute in physically observable quantities
such as the energy and linear momentum. In the present paper we examine the problem of spherical
solutions for the 16-component system of equations describing a massless spin 3/2 particle in Minkowski
space, we specify gauge solutions with spherical symmetry and construct solutions which do not contain
the gauge components.

Massless spin 3/2 particle, general theory. We start with the generally covariant equation for
a massless spin 3/2 particle (see notations in [20])

%ySngaﬁ(x)y“(x)[Va +I,]¥p =0. 1

It is readily proved that for many space-time models, eq. (1) has the class of gradient type solutions
¥§ (x)=Dp¥P(x), Dg=(Vp+Tp),
where W is an arbitrary bispinor field. Indeed, substituting this gauge solution into eq. (1), we obtain

i
2
Due to identity (see in [18])

i
780" Py, (x) Do DR (x) = Zysap““ﬁvu(anaDB — DDy ¥ (x). ©)

i

7 778" Py (x)[ Dy Dp — DpDy ]¥(x) = [Rup(x) —%R(x)gap ()PP (),

we conclude that for any space-time, which is a solution of Einstein equations with vanishing energy-
momentum tensor, relation (2) vanishes identically as well.
Below it will be convenient to use the field function with tetrad vector index W ;(x):

Pp(x)=ef ()W (x), Wi(x)=ef)(x)¥p(x).

Correspondingly, eq. (1) is transformed to the form (Ricci rotation coefficients are used):

. I
i 1 .
—7%e, "y eyl +5(cs"'" QI +1® ™) Yumie | W1 =0, 3)
d

2

where W(x) stands for the matrix with two indices, bispinor’s 4 and vector’s /. We will use the short
form of equation
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i i
SV 1 (D) W1=0 = %, Ny, (DY) =0, @

where we use the notation D, = e()0 +l((5”m ®I+I1® ™) Ynme-

When constructing spherically symmetric solutions for massive spin 3/2 particle in [§], transition
from vector index in Cartesian basis ¥ to cyclic one ¥ was used. In such a cyclic basis it was found
the general substitution for field function related to diagonalization of the square and third projection of
the total angular momentum:

Jo(r)D_12  fi(r)D_3y fo(r)D-i2 f3(r)Dsi2

P it go(r)Dyi2 g1(r)D_yn g2(r)Diia g3(r)Diz2 )
ho(r)D_12  m(r)D_3;a  ha(r)D_y;a  h3(r)Dy1ja|’

do(r)Diip  di(r)D-yyn do(r)Dyyn d3(r)Dyspr

where symbols D designate the Wigner functions, Ds = Dfm,c,((l), 0,0); j=1/2,3/2,5/2,.... For more
details see in [21]. It should be noted that at the minimal value j=1/2 the above substitution is simplified
accordingly to relations: j=1/2, f{=0,g23=0, h =0,d3 =0. Connection between Cartesian ¥ and
cyclic ¥ bases is determined by the formulas

1 0 0 0 1 0 0 0
1 i 1 1
0 —— — 0 0 — 0 —
Y=(I®U)Y¥Y, U= 2 V2 . Y=(U®U Y, U= ﬁ ﬁ
0 0 0 1 0 L o L
0 R 0 V2 V2
NG 0 0 1 0

Let us transform the wave equation from Cartesian basis to the cyclic one. With the use of notations
lyr=1 _ = bedyy-1 bedy -1 _ — be
Ups (Dc)s U = (Dc)pn: Uskgk ) Udp = Uskgk 3 Udp = Ssbcp’

the wave equation in cyclic basis is presented as follow

i 5 _ _ _
EY Yb Ssbcp(Dc)pn\PnZO' (6)
Let us specify expression for components of the new Levi—Civita tensor g% = U ye kb «y Jpl. It is

[be] _

convenient to apply the matrix notations, ul’cl =g >, plb<]

[y, | =&, then we have the rule
—lhe be] 771
Ao =U g nl U g

the square brackets mark antisymmetry in two indices. Further we find explicit form for matrices ﬁ[sff] :

00 0 0 00 0 0 00 00
ﬁ[OI]ZLO 0 - 0 E[OZ]:LO 0 -1 0 ﬁ[03]:0 - 0 0
oL -0 =7 T 201 0 <1 TP o 0 0 0

0 0 —i 0 0 0 0 0 0 0 i

0 -1 0 1 0 =i 0 —i 0010
E[B]:L_l 0 00 ﬁ[“]:Li 0 0 0 ﬁ[12]:o 0 0 0.
o J2l0 0 00 P 210 00 0f TP |1 00 O

1 0 0 0 i 0 0 0 0000
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Let us turn to eq. (6) written as
G O+ Oy OB + (0 OF 4y O -7 RN DT + .
¢ @M 2 @l - P @ DP + (70 @1+ 4} @ P -y @ ') D, T} =0,

Separation of the variables. Let us consider eq. (7) in the spherical coordinates
x4 =(t,r,0,0) dS?=dt* —dr* —r>d0* —sin’ 0d¢>

and corresponding tetrad. For components of the operator D. we obtain the following expressions

5 - _ 11 _
Do=01 D3=0r, Dl=;6e+;(o31®1+1®j31),

_ 1 - dy+cosO(c 2 ®I+1®7"
Dzz—(cs32®1+l®j32)+l b T CO8 (G. J ).
r r sin 0
The general substitution for field function was given in (5). In [4; 5], restrictions for radial functions
corresponding to diagonalization of the spatial reflection operator were found:

do =0fo,d, =90f3, da =8f2,d3=98f1, ho=98g0,m =3g3,hy =38g2,h3 =06g1, O6=+1,-1 ®)

so we have only 8 independent functions. Below when separating the variables we will apply the known
recurrent formulas for Wigner functions [21]:

1 1
09 Diyjn = E(G D_y=bD.3), 0¢ D_y/2= E(b D_3y—aDyyp),

—m——c0s0 |D,yp =—(—a D-1p=b Dy32), ——| —m+—-c080 |D_1 =—(=b D32 —a D.1p2),
sine( > j 412 2( 172 +3/2) sine[ 5 ) 12 2( 32—a D)

1 —m—gcose D _l(—bD —c Dys)2) L —m+§cose D —l(—cD —bD_y3)
Sin© 5 +32=7 172 w5) o 5 327 512 —12)s

where a=j+1/2, b=(j-1/2)(j+3/2), c=+(j=3/2)(j+5/2).
After rather long calculations from eq. (7) we derive the system of 8 radial equations

d 1 3 1
\/Egg]'i‘;(fz +$g1j+ﬁ(bfl—af3 +d\/§g2)20,
\/E%ﬁ +%(g2 +%f3j+ﬁ(—ag1 +bg3+av2f2) =0,
—igf} +%f1+%f1+ﬁ(bfz +bf0) =0,

ie(2f> —g1)+[—«5%fo %glj—{%(fo —fz)—gl}rﬁ(agz ~ag0) =0,

—igx/zgl+%(f0—%g1j+ﬁ(—bfl+af3+a\/§g0)=0,

—ieN2 £ +%(go +%f3j+ﬁ(—ag1 +bg3+av2fy)=0,

~is(\2g> —f3)+(—ﬁ%go—%f3]—%(%(go +gz)+f3J+ﬁ(—afz ~afy) =0,
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d 1 1
iggy—L gy gyt ——(—bgs +bgo) =0. 9
83— 83783 ,—2r( g2 +bgo) )

Let us introduce the new combinations of functions
Fo=fo+go, Go=/fo—go, Fi=fi+g3 Gi=/f1—g3
Fr=fr+g2, Ga=fr—-g82, F3=f3+g1, G3=f3-gi. (10)

Besides, to simplify equations let us separate the simple multiplier 1/ at all functions (for simplicity
we preserve the same designations for new radial functions):

1 d 1)1
=—f |—+—|- —_—
/ r s (dr rj r /= r dr f
In this way we derive the system

+I(—+i——jF3 (1 3)F2+LF1=0,
r 2r

dr 2r 2r r

d 1 a 1 a b
2| —+—+—|G3+| ———|G2+—=G1 =0,
[(dr 2r 2rj ; [ rj 2 2r 1

r

‘igﬁF3+( )F“(fr ﬁjGJ%G

1 a 1 a b
ia\/EG+———G+— + Fs - Fi=0,
. (r rj 0 ( \N2r \IZrJ : N2r
d b d b b
—ieFl+—G1+— —Fy=0, —ieGi+—F+——F,+——G =0,
1 dr 1 \/* \/7}" 0 1 dr 1+ \/5}" \/5}" 0

dr 2r 2r

d 1 a d a
—ie2Fy) vigF; -2 = — 4 G + — |G
2 3 ( j 3 (\/—r \/Erj
—ieN2Gs — icGs _ﬁ[i_i_ijgo A

F>=0. 11
dr 2r 2r 2 an

F“(fr IT]

In the next section we will find explicit form for gauge solutions of the system of equations for massless
spin 3/2 particle. The corresponding radial functions must satisfy identically the general system (11).
Besides, the gauge solutions will be important further in solving the general radial system.

Gradient type solutions. Let ¥ be an arbitrary spherically symmetric bispinor field. We may
assume that this bispinor is some solution of the Dirac equation, however this requirement is not
necessary. As we will see later only general structure of such bispinors is substantial:

K\D_1
K2D.yp2
K3D_yp|
KaD 12

__—ist

The gradient solutions are determined by the relation W& =D ¥, D, = e&)(aa +1'y). So we get

KiD_i)» K'\D_1)2 Ki0¢D_1)2 -K>D 12

K>D "D 11K,0¢D 1| KiD_
‘I’§=D0‘P=—is 2 +1/2’ ‘I’§=D3‘I’K2 +1/2’ ‘Plgle‘I’z— 200D41/2 L -2 ,

K3D_y)p K'3D-12 r|K30eD 12| 2r|—K4D.y)n

K4D,1)» K'aD1y2 K 400D, 112 K3D_y)»
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K7Dz
i |KiD-y
2r|K4Dyyy2

K3D_ 11

YE=D,¥ =

1
K (—m + COS OE)D_UQ

. K> (—=m—cos 91)D+1/2
i1 2

rsin® K3(—m+coseé)D_1/2

K 4(=m—cos 9%)D+1/2

Taking in mind the recurrent formulas for Wigner functions, we get expressions for ‘I’Egl) and W¢

Ki(BD-3/2 —aDyy/2) -K>D.)2
wE 1K2(aD-12 =BD.3/2) +L KiD_y)» ’
r\K3(BD=3;2 —aDyy2)| 21 |-K4Doy2
K4(aD_12 =BD.312) K3D_y

K\(-BD_3/2 —aD.12) K>D.1/

wi i |Ka(=aD-12 =BD.3p)| i |KiD-yp2 )
r|\K3(=BD-32 —aD112)| 2r|KaDii2
K4(=aD-12 =BD.312) K3D_i)

where 2o=(j+1/2)=a,2p= \/(j —1/2)(j+3/2) =b. Let us combine the components W5 so that to

get the quantities referring to cyclic basis:

KiD_i)» K'\D-112
K>D '
PE-WE = 2| PE—w K2D+1/2,
K3D_y)» K'3D-1/2
KiDiypp K'sDw2
-K12BD_3); 0
_ 1 1 -K20D_ 10| 1 1 [-KiD_1p2
so L prpey L L o , 12
V=gV D=0 kopps,| B 0 (2
—K42aD 1 -K3D )3
-Ki2a.D./» —K>D.q/n
_ 1 1 1 |-K22BDy3pn| 11 0
N

=5

r 2 |-K320D, 12
—K42BDy312

+
2 |~K4D |

0

It is known that the space reflection operator for bispinor field permits us to divide solutions in two types,

this is reached by imposing the following restrictions A==x1, K4 =AK;|, K3 =AK>

. Then instead

of (12) we get
—ieK A -2BK,C KA —(20K;+K3)B)
. |-ieKaB| _, 1 [-QuKy+KDA| _, |KWB| 1 —2BK,D
Yoo eakod VT =0 opakac |2 T aknd V3T oy Aaks « K)B)
—ieAK B -AQRaK| +K7)A AK"\B —2BAK D
The general structure of this gauge solution may be presented as follows
— ) _ , — 2B _ 1
fo:_ngl’ go="1eK2, f, =—EK1, g =—E(2OLK2 + K1),
(13)
FomK' B2=K'n Jy= —ﬁ(zm +Ka) 8= 2Ka.
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By direct calculations we can prove that egs. (9) are satisfied identically by functions from (13). It should
be emphasized that in this proving the explicit form of the radial functions from (13) is not used. After
translating the formulas (13) to the variables defined by (10) we obtain (remember that in all functions
we have separated the multiplier 1/7)

_ . _ d 200+1
Fo=—1e(K1+K>), Fi= fr(K1+K2) Fz—[z__)(Kl‘*‘KZ) F3=— Jor (K1 +K>),

Go =—ie(K1 — K»), (‘;1:—%(&—1@), c‘;z{%—ﬂ(m—mx 53:—2} 2071k — k). (14)

Also, we can verify that egs. (11) are satisfied identically by eight functions from (14).

Solving the system of radial equations. Let us turn to the system (11). It is convenient to simplify
explicit form of these equations by changing the variables (for simplicity the notations of them we pre-
serve the same):

Gy F G,

— =Gy, == F),—
N RN RN )

So the system (11) takes on the form

d 1 a F5+ 1+aF2+£F1=0, —2i8G2—iSG3—2 i—1+a G0+iF3+l+aF2 =0,
dr 2r r 2r dr 2r dr r

= Gz, F] :>F1, G1 = G], F3 :>F3, G3 = G3.

_(d 1*“)(;3 I=a 2b G =0, —2ier+igF3—2(i—1 jFo—diGs'Jrl—an—O (13
r r

dr 2r dr 2r
—i8F1+iG1+2G2 +2F0 =0, —l'SG]-i-iFl-i-éFz +2G0 =0,
dr r r dr r r
_i8F3+1+aF 1+aG3—iG1 0, iSG3+1_aG0— F3—iFl 0.
r 2r 2r r 2r 2r

Let the first equation retain the same; from the first equation we subtract the second; the third equation
retains the same; from the third equation subtract the fourth; remaining four equations retain the same.
In this way we obtain

1- 1 1 1-
p(Lilza g e b o oy o[ LG s e s P p iy +ieGs =0,
dr 2r r 2r 2r 2r 2r

dr

3)- (d I+a G3+1_a bG1:0, 4) 21_1—(1 Fy— 1+aG3+iG1+2ISFz—ISF3—0a
2r r 2r 2r

dr dr 2r 2r
5) —iek +iG1 +éG2 +éF() =0, 6) —iSGl +iF1 +2F2 +2G0 =0,
dr dr r r
7) 1+“(;3—3(;1 8) Gy + %Gy -1 _ L g o
r 2r 2r

From 2) and 4) we can find expressions for F, and G5 :

i(a—l)F() +(a—1)G2 +F(—i8F3 +2Fy+G3) G l_(a-l—l)Go +(a+l)F2 +}"(F3 —ieGy —2G0)
yU2 =— .

F, =
2 2re 2re

From 7) and 8) we can find expressions for F3 and Gj:

2(a -Gy + (a +1)(bF +4ireFy) — 2ibreG G = —2(a -1)Fy + (a D(bG +4ireGy) + 2lbr8F1

Fs =
R | —4r?e? -1
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Further we substitute these four formulas into 1), 3), 5), 6). In this way, we obtain two pairs of equations
for variables Fy, F,Gy,G; -

2i(a” ~NeGa” —4r’e” =3) . 2a” ~I)=a’ +a+4r’s’)
- 2 2.2 2 o+ 2 2 2 2
(a”—4re”-1) ra®—4r<e”—1)

+2br82(—3a2 +4r?e? 4 3) o 2t ~1)(a? -1)be

2 2.2 12 ! 2 2 2 2

(a”—4r7e” -1 (a”—4r7e” -1
2 ; 2 2.2

2(a”-1) G0+21bl"8( a“+4r°e” +1)

a’—4r’e® -1 (az—4r232—1)2

G0+

G1+

G =0,

+4b”€2(_3‘12+4’”282 +3)F _41'178(—(13 +a+4rie?)
2 2.2 2 0 2,22 32
(a”—4r7e” -1 (a”=4r7e” -1
2 02 2.2 _ IPNT
+[zb g(a”+4r’e 1)—i8]F1 N 4a—-1)b"re
(

2
(a*—4r?e? 1) a’—4rie? -1

G()-I-

G1+

el 2 2.2 2, 2 2.2
+4lbr8( a”+4rce +1)GO+ b (—a“ +4r-e +1)+1 G,
2 2.2 12 2 2.2 2
(a”—4r7e” -1 (a”—4r7e” 1)
and
2a’ -1)a® —a+4r’e?) 2i(a* —1)e(3a® —4r’e? =3)
2 52 2 fo- 2 2.2 12 G
ra”—4r7e” 1) (a”—4r-e” -1
. 2 2/ 2.2 2.2 2 .
_2i(a—1)(a+1) bsF +2br8 (—3a” +4r-e +3)G N 2(a”-1) F 2ibre

1 1 0
(a2—4r282—1)2 (a® —4r’e? -1)? a’? —4r’e? -1 a’? —4r’e? -1

0—

_41'b£(ar3 —-a +4r282)

2 2 2.2
F0+4b}"8 (—3a”+4r-e +3)G 3

0
(512—4;"282—1)2 (a®—4r’? -1’
4(a+1)bre? . ig(—4r’e’(2a’ + b7 =)+ (a’ —1)(a’ - b’ —1)+16r4a4)G B
2 2.2 112 : 2 42,2 12 !
(a”—4r7e” -1 (a”—4r-e” -1
_ dibre F0+(—a2+4r282+1)(—a2+b2+47282+1)FI o
a’ —4r’e? -1 (a2—4r282—1)2

These pairs may be considered as linear systems with respect to the variables F’(, 'y, and G'o, G'1-
After simple calculations we find their solutions:

_ire(=3a” +3+4r%e1)Go + (a° —a+4r’e?)Fy —i(1+ a)breFy — 2br’e’ G

Fg , (16)
0 —a’r+4r3e? +r
- ire(=3a® +3+4r%?)Fy — (a°> —a—4r2eH)Gy — 2br’e*F —i(1- a)breG, a7
0= D
—a’r+4rie? +r
Gi = iSFl, F]’ = iSGl. (18)

From (18) follow separate equations for F; and Gy: F{'+ g2F, =0,G] +&%G, =0; their linearly inde-
pendent solutions are

u=+l, F=e™ =Gi =™ u=-1, F =™ =G =— . (19a)
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Independent solutions may be chosen differently:
I, F{' =coser, G =+isiner; I, R =siner, G{' =-icoser. (19b)

Solutions (19a) and (19b) are related by linear transformations:

. 1 _ ) 1 _
F]” =s1nsr=?(F1+—F] ), G11 =is1n8r=?(G1+—G1 ),
i i

Fll =coser =%(F1+ +F), G1H =—ic0sgr=%(G1+ +Gy).

Applying the elimination method, from (16), (17) we derive equations (we follow both variants):
_be"* (=3(a—Da+2re2re+3i)

~3a® +4r’e” +3
8ir’eG) LIrGh | iGo((15- 7a*)r’e” +3(a—1) a(a+1)+4r'e?)

p=+I1

— 0’
3a’+4r%?+3 ¢ re(=3a’ +4r’e? +3)
be"* (Ba(a+1)-2re(2re+3i))
3a’ +4r%e? +3 20
.2 ' . " . 2\..2..2 2 4 4 ( )
_ 8ir ek +sz0 +zFo((15—7a e +3(a—Da(a+1)” +4r7e )_0.
3a?+4r%2+3 & re(=3a> +4r’e? +3) ’
- ibee”"* (3(a—1)a + 2re(-2re +3i))
’ —3a’ +4r?e? +3
2.2 21,22 2 4_4
B ;31” € foz JrGo((15 Ta“)r-e ;L3(a 21)2 ala+1)+4r’e )+rG0 0,
—3a”+4r°e” +3 r(=3a” +4r-e” +3)
bee "* (2re(3+2ire) —3ia(a +1))
—3a’ +4r%e? +3 21
2.2 24,22 2 4_4 (1)
8re Fy Fo(Q5=7a")re“+3(a—Da(a+1)"+4r7e")
- 5 > + 3 5> +rFy=0.
—3a”+4r°e” +3 r(=3a” +4r-e” +3)
Equations (20), (21) permit us with the help relations
F_2a 2 _1)Go + (a +1)(bF, +4ireFy) — 2ibreG,
3= )
a’—4r’e? -1 22)

2 ] ]
= 2(a” —DFy + (az 1)§b§;12+ 4;r8G0) +2brehh s Fa=-Go, G2=-Iy
a —4a4r g —

G;

to find concomitant functions F»,G,;F3,G3.

To solve general solutions of nonhomogeneous equations for Fy,Go, we should have known
particular solutions of them and general solutions of corresponding homogeneous equations. Particular
solutions may be found through the use of the known gauge solutions. To this end, let us turn to gauge
solutions (14), taking in mind the change in notations according to (15):

_ 1 _ b _ d 1 1 _ a+1
= —ig(K| +Ky) ==, Fy= (K1 + K2), Fr=| -2 [(K1 + K2) =), Fr= -2 (K + K>),
Fo ( 1 2)\/5 F1 \/Er( 1 2) F (dr I"j( 1 2)\/5 F3 \/E}"( 1 2)

1 _ b _ d 1 1 _ a-—1
Go = —ie(K1 — K2)——) Gy =~ (K1 —K2), Gy =| =~ |(Ki = K2)—=, Gy =~ 2=~ (K| - K»).
0 =—ie(K; 2)\/5 Gi '_2r( 1—K»), G, (dr rj( 1—K>) 5 Gs ,—2r( 1—K>»)
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Particular solutions should be determined as follows

2

n=+1K, =—7e+"8’,1<2 =0; p=+LK,=0,K,=-

I"\/E —ier
e .
b

Thus we have fixed two gauge solutions:

lgr o tiEr

},l,:+1’ F — , G() :76 j , F1:e+i87" 61:€+i£r,
= d 1\~ +igr = (d ljr +ier = a+l +ier = a-1 +igr
=—| ——— =", Go=—| ———|=e"", Fy3=——e""", G3=——e""; 23
£ (dr r)b G2= A\ )b == G:=7 @3)
w=-1, Foz% —ier Go——lsr ~ier Flze—tsr, G = ~ier
= d 1r —ier = (d ljr —ier = a+l —ier = a-1 —ier
=—| ———|=e ™, Go=| ——— |-, F3=——e ", Gy=———e"". 24
F2 [dr rjb SE Ay s == Gs=77 @4

By direct calculation we can verify that the functions Fj,G¢ from (23) and (24) indeed provide us
with exact solutions of equations (20) and (21). Results are the same when applying solutions (19b). It
should be emphasized that the doubling p=+1 and p=-1 (as well as I and II) refers to existence of
linearly independent solutions of the 2nd order equation, but not to the degrees of freedom of the spin
3/2 particle. This method provides us with two solutions with opposite parities which do not contain
gauge constituents.

Solving the homogeneous equations. Let us consider homogeneous equations from (21), (22):

, 8re? (15-7a)r%e +3(a D2a(a+1)+4ric?
|.l=-|—1, Go — 12 ) Go ) Go =0,
(—3a” +4r°e” +3) r ( —3a’ +4r’e +3)

" 8re? (15 Ta )r282+3(a l)a(a+1) +4rte F _o-
= +4r282+3) r2(=3a? + 41262 +3) o
, 8re? (15-7a*)r’e +3(a D?a(a+1)+4rtc?
p=-1 Go- ) 2.2 Go + 2.2 Go =0,
(-3a“+4r°e” +3) r ( —3a’ +4r’ +3)
mr_ 8re? o (15-7a*)r’e? +3(a—Da(a+1)* +4r'e? o0
0 2.2 2.2 0=
(- —3a* +4r’ +3) r ( —3a*+4r’ +3)

All four equations contain one the same 2nd order operator so it suffices to study only one equation:
d? 8re? L5- 7a*)r?e? +3(a-Da(a+1)* +4re?
dr? ( —3a +4r282+3) dr r2(=3a’ +4r’e? +3)

f=0;

note identities a” —1=>52, (a —1)a(a+l) =b2a(a +1), 15 ~7a*=8+7-7a>=8-7b".
It is convenient to use dimensionless variable er =x, so we get
d*f 8 a ., 4x* +(8-7b*)x* +3b%a(a+1)
dx?  (4x%=3b* )dx x2(4x2-3b%)

The equation under consideration has three regular points and one irregular x = of the rank 2. So-
lutions are searched in the form f(x)=x AeBrp (x). For function F(x) we get the equation

d? F 2B+ 24 8x d—F+
dx? b 3b- ) dx

f£=0.

+| B? +1+

2
24B A4 1)2a(a+1)+ 8 Bx 8A+42a(a+21) 40> +8] .o
X X 4x°-3b
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At the choice 4 =-a,a+1, B=d=i, the above equation simplifies

2
d°F +£23+ﬁ——8x j

F=0.
dx? x  4x>-3b?

dF | 24B -8Bx-8A+4a(a+1)-4b>+8
dx x 4x%-3p*

Functions F(x) are constructed as power series with the 4-terms recurrent relations, convergence of the
relevant series is studied: Reony = \/gb /2, 0.

Conclusions. The system of equations for the massless spin 3/2 field has been studied in the
spherical coordinates of Minkowski space. General structure of the spherical gauge solutions is specified,
and it is demonstrated that the gauge radial functions satisfy the derived system of 8 equations. It is
proved that the general system reduces to two couples of independent 2nd order and nonhomogeneous
differential equations, their particular solutions may be found with the use of the gauge solutions. The
corresponding homogeneous equations turn out to have one the same form, and have three regular
singularities and one irregular of the rank 2. Frobenius types solutions for this equation have been
constructed. Six remaining radial functions may be straightforwardly found though the use of the simple
algebraic relations. This method provides us with two solutions with opposite parities which do not
contain gauge constituents.
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