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Abstract. In the present paper, we have developed the theory of a massless spin 2 particle. We apply the matrix equation
in Minkowski space-time, specifying it in cylindrical coordinates ¢, r, ¢, z and tetrad. By diagonalizing energy operators, the
third projection of total angular momentum, and the third projection of linear momentum, we derive the system of 39 differen-
tial equations in a polar coordinate 7. In order to resolve this system, we apply the Fedorov—Gronskiy method based on the
projective operator method. In accordance with this method, the dependence of all 39 functions is determined only by five
different functions of the polar variable r that in the considered case are expressed in terms of Bessel functions. We find the
explicit form of six independent solutions of the basic matrix equation. In order to eliminate gauge degrees of freedom, we use
the general structure of gauge solutions according to the Pauli—Fierz approach, when the gauge solutions for the spin 2 field
are constructed on the basis of the exact solution for a massless spin 1 field (in Bessel functions as well). In this way, we find
the explicit form of two independent gauge solutions for the spin 2 field. In the end, we derive the explicit form of two gauge-
free solutions for the massless spin 2 field, as should be expected by physical reason.

Keywords: massless particles, spin 2, matrix Fedorov—Regge equation, cylindrical symmetry, projective operators, exact
solutions, Bessel functions, Pauli—Fierz theory, gauge degrees of fredom

For citation. Ivashkevich A. V., Bury A. V., Ovsiyuk E. M., Kisel V. V., Red’kov V. M. Massless spin 2 particle: cylindri-
cal symmetry, projective operators, gauge degrees of freedom. Doklady Natsional 'noi akademii nauk Belarusi = Doklady
of the National Academy of Sciences of Belarus, 2022, vol. 66, no. 6, pp. 574-586. https://doi.org/10.29235/1561-8323-2022-
66-6-574-586

A. B. UBamkeBuu!, A. B. Bypwiii!, E. M. OBcuiox?, B. B. Kucean?, B. M. Peabkos!

"Unemumym pusuxu umenu b. U. Cmenanosa Hayuonanvnoi akademuu nayk Berapycu, Munck, Pecnybnuxa Berapyce
’Mosvipckuti 2ocyoapcmeennviii nedazozuveckuii ynusepcumem umenu M. I1. Illamaxuna, Mosoips, Pecnybauka Benapyco
3Benopycckuil 20cy0apcmeenblil yrusepcumen unpopmamuxu u paouosnexmponuxu, Munck, Pecnybnuxa beaapyce

BE3MACCOBASA YACTHUIA CO CIIMUHOM 2: TUJINHAPUYECKASA CUMMETPUS,
HPOEKTUBHBIE OITIEPATOPBI, KAJIUBPOBOYHBIE CTEIIEHU CBOBO/IbI

(Ilpedcmasneno unenom-koppecnonoenmon /. C. Moeunesyesvim)

AnHotanus. Vccienyercst 6e3maccoBasi 4acTHIA CO CIIMHOM 2, TIPU STOM IIPUMEHSETCSI MATPUYHOE YPaBHCHHUE B IIH-
JIMHAPUYECKOI TeTpaje nmpocTpancTBa MunkoBckoro. Ha pemeHusix [uaroHaJIu3upyroTCss ONepaTopbl SHEPTUH, TPEThel
MPOEKIMH ITOJIHOT'O MOMEHTA U TPEThEeH MPOEKIIMU UMITYJIbCa; [I0CTIe pa3/iesieHus IEpEMEHHbIX [oJly4yeHa cuctema u3 39 ypas-
HEHUH 110 MoJISIpHOI KoopauHate . [1J1s1 HaX0XK JIeHUs pEeLICHUH YTUX YpaBHEHUH ucnonbiyercs Metoa denoposa—I poHckoro,
OCHOBAaHHBIH Ha TCOPHH MMPOCKTUBHBIX ONEPAaTOPOB. B cooTBeTCTBUU € 3THM 39 QyHKIUN BBIPAXKAIOTCS Yepe3 MATh OCHOB-
HBIX (YHKIHUI OT MEPEMEHHOH 7, CTPOSIIMUXCs B TepMHuHaX ¢yHkumui beccens. Halinen siBHBINH BHJ IIECTH HE3aBHCHMBIX
peureHnii. UTOOBI MCKIIOYUTH KAaTUOPOBOYHBIC CTEICHH CBOOONBI, MCIOIB3YETCS SBHBIH BHJ YETHIPEX KalUOPOBOYHBIX
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pemieHunit, crposimuxcs cornacHo Teopun [aynn—®upiia Ha 0CHOBE TOYHEIX PEIICHHH ypaBHEHUS ISl 0€3MacCcOBOM YaCTHIIBI
€O CITMHOM | B IMUIMHAPUYECKUX KoopuHaTax. [locie HCKITIOUeHN s U3 ECTH PEIIeHNH YeThIPeX KaTnOpOBOYHBIX HAWICHEI
SIBHBIE BBIPXKEHUS IS IBYX HE3aBUCUMBIX PEIICHHH, HE COJEepKAIINX KaJTHOPOBOYHEIX CTEIeHEeH CBOOOIBI.

KuroueBsble cioBa: Ge3maccoBasi YacTuIla, CIUH 2, MaTpuyHoe ypaBHeHHe DenopoBa—Pemke, THIMHAPHIECKAsT CHM-
MEeTpHS, IPOSKTUBHBIE ONIEPATOPEL, TOUHBIE pemennus, pyHkuuu beccens, reopus [laynun—®upua, kaanbpoBOYHEBIE CTEICHH
CBOOOJIBI

Jas uuTupoBanusi. beamaccoBas gacTuma co CIMHOM 2: IMJIMHAPHYECKasi CHMMETPHSI, IPOSKTHBHEIE ONIepaTopHl, Ka-
nuOpoBouHEIe cTeneHn cBoboxs! / A. B. UBamkesuu [u ap.] // Jlokn. Ham. akan. nayk Bemapycu. — 2022. — T. 66, Ne 6. —
C. 574-586. https://doi.org/10.29235/1561-8323-2022-66-6-574-586

Introduction. After the study by Pauli and Fierz [1-4] the theory of massive and massless fields
with spin 2 has always attracted much attention [5-20]. Most of the studies were performed in the
framework of 2-nd order differential equations. It is known that many specific difficulties may be avoided
if from the very beginning we start with 1-st order systems. Apparently, the first systematic study of the
theory of spin 2 fields within the first order formalism was done by F. I. Fedorov [5]. It turns out that this
description requires a field function with 3 independent components. This theory was re-discovered and
improved by Regee [6]. The first order approach is based from the very beginning on the general theory
of relativistic wave equations by the Gel’fand—Yaglom [3] and the Lagrangian formalisms.

In the present paper we develop the theory of the massless spin 2 particle. We apply the matrix
equation in Minkowski space-time, specifying it in cylindrical coordinates ¢,7, ¢,z and tetrad. By
diagonalizing the operators of the energy, the third projection of the total angular momentum, and the
third projection of the linear momentum, we derive the system of 39 differential equations in polar
coordinate 7. In order to resolve this system, we apply the method by Fedorov—Gronskiy [7] based on the
projective operator method. In accordance with this method, dependance of all 39 functions is
determined by only five different functions of the polar variable r, which in the case under consideration
are expressed in Bessel functions. We find in explicit form four independent solutions of the basic matrix
equation. In order to eliminate the gauge degrees of freedom we use the general structure of gauge
solutions according to Pauli—Fierz approach, when the gauge solutions for spin 2 field are constructed on
the based of exact solution for massless spin 1 field (in Bessel functions as well). In this way, we find
explicit form of two independent gauge solutions for spin 2 field. In the end, we derive explicit form of
two gauge-free solutions for massless spin 2 field, as should be expected by physical reason.

The system of differential equations and projective operators. Let us start with the known system
of differential equations which describes the spin 2 particle in cylindrical coordinates (we use results
obtained in [20] for massive spin 2 particle, but now specified for the massless case). First we write down
the first equation related to the scalar field:

bms1h3 @3 —igho@ —ikhypy =0.

e 1
\/E”hllz \/5

Remaining equations are collected in five groups (we preserve notations from [20])
M, 81, A

N2y 1d 192 +N2a0d303 —3ieh(r) + 2ikd 291 + 2igfoe1 = 6hop1,
2a,16103 = N2y 16392 +3ikh(r) + 2ied 101 + 2ikf201 = 6h201,
32a:1B1203 —N2b,1B2102 —2,41B2303 + 3326, 1B3ps —2b, 1 Ero@r +
N2 1 E3093 + 23 2B, 112 — 232011 h395 —

—2ikB1 191 —2ieE 1301 — 6ieE 0 — 2ieE3 1) — 4icho®| + 2ikB33@ + 2ikE 0@ + 12ikhyp =0,
20,041 B1293 =2y 1B2102 20,41 B2303 +
+32b,-1B3202 +N2by 1 E1092 — 2,1 E30p3 +

+ 23 2By 192 = 2424133 —
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—2i8E13(P1 —2i8E22([)1 —2i8E31([)1 +4i8h0(p1 —2ikBll(p1 +2ikB33([)1 —2ikE20([)1 +4ikh2(p1 =0,
20,,11B1093 +N2by 1B3092 + 201 E3293 =N 26, 1 E1202 +
+2ikE22(p1 +4ikh0(p1 —2i8E20(p1 —4i8h2(p1 = 0,
\/Eam+lBIZ(P3 + \/Ebquzl(Pz + \/Eam+lBZ3(P3 +
32y 1B3202 =326, 1 E1092 + 3320, E3003 —
2B, i@ + 24201 h3 05 +
+2i8E13(p1 — 2i8E22(|)1 + 2i8E31(p1 —12i8h0(p1 + 2ikBll(p1 —2ikB33(|)1 + 6ikE20(p1 +4ikh2(p1 = 0,
1 1 2 1
—=Ap1C193 ——=bp_1c302 — —ied Q1 — ikfo@1 +=ikf>91 — E2@ =0,
L 10103 + N 2by 30 +icd +likf —ikea@y + By =0
3\/5 m+1€103 3 m-1C3Q2 3 201 3 201 201 1191 8
L by 1digr +——apd +lisf + Likd oy +icerpr + By =0
3 m-14192 3\/5 m+143P3 3 0P1 3 201 201 3101 )

1 1 1 1
b 1d 102 + = 2amd303 ——icfo@1 ——ikd 201 —isca@) — Ei3p1 =0,
2 m-1d192 SV 2 393 3 091 3 201 201 — E130)

1 1 1. . 2.
mbm—ld@z —ﬁamudﬂw _glng(Pl +1igf201 +§lkd2(P1 +E»@; =0,

1‘\/7 1 1. 1. .
—~2a,,410103 +——=b,,_1C ——ied,p ——ik +ikcop1 + B =0,
3 V2amc193 Wik 16302 =S ied2@1 =3 201 201 + B339

1 1 1 1
—=Ap1C193 +—=bp_1C302 —Bn@1 =0, —=b,_1d192 +—=a,1d393 — B¢ =0;
\/E m+ \/E m \/E m \/E m+
V2,82, P

3
20201 =N 2B 2 f104 —Eﬁamh(r) +2ike3 @y + 2ied 1y = 6h1¢,

V2a,,B1191 =N 2a,B2@1 +2by_2B3194 — 2N 2a,,h001 —
—2i8E12(P2 - 2i8E21(p2 + 2ikB32(p2 + 4ikh1(p2 =0,
~2a,,B2001 =N 2by 2 E1194 +N 200 E3101 = 28 2a,ho@1 + 2ikB3o¢s +
+2ikE21(p2 — 2i8E10(p2 - 4i8h1(p2 =0,

1

1 1 1, 2.
ﬁbm—zﬁw —mamcwl —ﬁamfo(m —glkc3(l>z +518d1(P2 + Ejo92 =0,

1 1 1 2 1
—=bu 2 104 ——=0anC201 +—=a,, [2¢1 +—ikc3pr ——ied 192 + B3y =0,
32 " 32 " NP 3 3

2 1 1. 1.
gﬁamCZ(Pl +§\/Ebm—2f1(P4 +§lk03(P2 +518d1(P2 —B2192 =0,
1 1
—=andr@) —iec3Qr — ME1,¢2 =0, —=a,,d2¢1 +ikd @, + B3op, =0,
\/5 m \/E m
i86‘3(p2 +ikd1(p2 +E21(p2 = 0;

3
E\/Ebmh(r) 26,201 + 242 305 + 2ike103 + 2ied 393 = 6h303,

V2a,12B1305 =2,y B2a@1 +3/2b, B339y + 226,201 —
—2i8E23(p3 - 2i8E32(p3 - 2ikBlz(|)3 + 4ikh3(|)3 = 0,
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—\/EmeZO(Pl - \/EmeB(Pl + \/Eam+2E33(P5 + Zﬁbmho(Pl -
—2ik310(p3 + 2ikE23(p3 - 2i8E30(p3 - 4i8h3(p3 = 0;
V3,83, P

1 1 1 1 2
—=bnC201 ——=au12 /3¢5 + —=by fo@1 ——ikc103 +—ied393 + E3093 =0,
32 " 32 " N 3 3
a1 = ia 305 — by 201 + 2 ike1(3 —~ied303 — Biags =0
3\/5 mC201 3\5 m+2J3P5 \/5 mJ2P1 3 193 3 303 12043 s
2 1 1. 1.
gﬁbmcz‘Pl +§\/§am+2f3(P5 —Elkc1(P3 —5180'3% — B3 =0,

1

2

) 1 .
bmd 201 —ikd303 + B1o93 =0, ﬁbde(Pl +iec1p3 + E3¢p3 =0,
iec13 +ikd3@3 + E23¢p3 = 0;
V4,54,P4
A 1B21Q2 + 20, 1h@r —~2ikB3104 +N2igE1 104 =0,
1 . 1 .
ﬁaqul(l)z —1ef104 — E11¢04 =0, Eam—ICS(PZ +ikf104 + B3194 =0;
Vs,Ss,Ps
—bys1B2303 + 2B 393 —2ikBi3¢s —2ieE3395 =0,
1 . 1 .
ﬁbm+1d3(93 +ief3¢5 + E33¢05 =0, Ebmﬂcl(% —ikf3¢5 + B139ps5 =0,

where short notations for differential operators are used

m d}/‘ p ) m+2 d]/‘ , ) m+l d}" B ) m—1 d]/‘ , )
d m d m-2 d m+1 d m-1

b :———,b =, :———,b = .

"ar " 2 dr r il dr r -l dr r

According to Fedorov—Gronskiy method [7], the above system should be consistent with the follo-
wing differential constraints (they permit us to transform the above system to algebraic form)

bn192 =C191, @1 =C302;  ann93 =C201, by =Cs503;
bn-20s =C492, ap192 =C704;  ap+205 =CeP3, by193 = CsPss

we can assume identities C3 =C,Cs =C,,C7 =Cy4,Cg =Cg, they lead to equations for separate
functions:

d*> 1d m?
= = X e =0,
[a’r2 rdr  p? }Pl
d> 1d (m-1)? d> 1d (m+1)?
= X 9p=0, | —4—— -2 X |p3=0, 1
I:drz rdr r2 ?2 er rdr r2 3 ()
2 2 2 2
d_2+li_@_)“p4:, d2+1d_(m+22) X |os -0,
dr rdr r dr= rdr r

where X =C3 =C2? =C? = 3. Solutions of these equations should be in agree with the gauge solutions.

Because, the gauge solution are expressed in terms of Bessel functions of the argument z = e?—k*r
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(see below), in equations (1) we should set X = —(82 —kz). In this way, instead of (1) we get equations
of Bessel type in the variable z =g —k? r:

Q1 =L1J 1 (2), 2= LoJy1(2), 93 = L3J p11(2), 94 = LaJ y—2(2), ©5(2) = LsJ ps2(2).

Eliminating the variables referring to the tensors of first and third ranks, we should get 13 equations
for the variables 4, f1, f2, f3, c1,¢2,c3, di,d2,d3, fo. After performing calculations in the resulting

algebraic system, we find 6 independent solutions (they are presented in Bessel form):

h(r) =0,

Gauge type solutions for massless spin 2 field. For massless spin 2 field there exist gauge solutions,
which are defined through an arbitrary vector Lg (x),c=0,1,2,3; the symbol C=(Cart) designates

0
_Jm72
0
0
0
L,
2
V= 0 ,
[2 .2
_NET kT,
2\2¢
0
2 ;2
NeTKT
2\2¢
0
0
0
2,2
e —k 7
2k
0
0
k g, .
\/5 e? _ k2 ) 5
_iJmfl
+£iJm_1
2¢
0
k
——iJ
2 +1
0

0 0
0 0
0 3 82—k2J
_Jm+2 \/Ek "
0 0
lJm iJm+1
2 LJ
WV, = 0 ; \PS_\/E/SZ—kZ "
[2 2 0
e -k
i
2\/58 +£l..]m_1
0 2¢e
0
etk
2\/58 m+l1 __SiJm+]
0 0
0 0
0 0
ey 0
k 0
0 0
0 2
ke & I
P 2‘]’” k% —-¢?
—€ Y=
0 0
k - ¢ iJ
————1J 2 2
2 lgz_kz V2Ne? -k
J 0
k SR Y
iJm+1 2 ml
J2e? —k V2Ne? -k
0 Sm

Cartesian basis. In this way, the gauge scaler field /(x) is given by the formula
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h(x)=®=0,L§ —[a, +%ij —1a¢L§ -8,L§;

r

in turn, 10 components of the gauge symmetric tensor are given by the formula
fi=® =20,Lf +% 0,L§ —(a, +le1C ——4L5 - 015 |,
r r

2 1 1
fr=0pn="Lf += 8¢L2 +— {a L§ - (a, +—ij ——04L5 —aZLg},
r r r

1 1
f3—q)33—26 L3 +— |:a L() —(8 ;jL?—;a¢Lg—ang:|,
e =0y =%5¢L§ +0.L5, T =®3=0.Lf +0,L§, T3=Dp, =—%Lg +0,L5 +%5¢L1C,
_ _ 1 _
dy=®g =0,Lf +0,L§, dy=Dgy=0,L5 +;5¢Lg, dy=®3 =0,L5 +0,L§;
7 = c 1 c 1Y c 1. ¢ c
Jo=Poo =20,Lg -5 0:Lg — 5r+; Ly —;5¢Lz —-0:L3 |,

these relations are referred to Cartesian basis. Taking into account expressions for the gauge vector LS (%)

L
L§ | ’
c —=(L3—Ly)
LCart (t, r,Q, Z) _ e—isteim(peikz LIC _ efisteimgoeikz \/5 ,
L2 —1 (L
—(L3+ L)
L§ V2
L,

the previous formulas transform to the following form (the total multiplier e Elembeil g omitted):

— 1 (d 1 m
h(r)=———| =+ |(Ly = L) ——2= (L3 + Ly) —ieLo — ikLy;
(I") \/E(dr I")( 3 1) }"\/5( 3 1) 1eL —1kL)

Ry =214 —Ll)—ﬁ(%+ o

d ij(“ V2 V2m ik

72(I’)=—ﬁ[5+— L1)+—(L3 —L1)+—(L3 +L1)——(L3 +L1)—5L0 —;Lz,
ik

22r
f3(r)=- (d lj( Ly)———(Ls + L) + 2ikL _En Ry
RN P e N o R

ik
(L3 +L1)——Lo —?Lz,

lj(Lz —Li)—-
p

_ im k _ d ik
ci(r) =7L2 +—=(L3 +Ly), c2(r) =EL2 +—=(L3 - Ly),

B D

(L3 +L)+—=(L3s+L))+—=(L3—Ly);

50 fg s "
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dy(r) =+dilo —£(L3 - L), 672(”)=+ﬂL0 —i(L3 +Ly), ds(r)=—ieL, +ikLo;
r r

V2 V2
f()(l”) +2\/_(d %j(L3—L1)+2\/_ (L3 +L1) 218L0+ 2L0 +%L2

For symmetric tensor, transition to cyclic basis is performed by means of the known linear transformation.
After needed calculation, we obtain expressions for 10 components of the symmetric tensor in cyclic

basis
m—1 d m+1

Fi(z)= fx(—+—)Ll(z) fi(z)= f%(——T)Lﬂz)
2 (d m— 1} 2 (d m+1

fz(Z)——7L Li(z )——7b ra

jLz(Z)——l(SLo(Z) 3kLy)(2),
dz

CI(Z)=§X(%—EJL2(Z)+ZICL3(Z) C3(Z)——§7\,(%+ ]Lz(z)-i-lkLl(z)
cz(z)—ik(i—m—ljh( )—£x(d m+1jL3(z)+—z(sL0+kL2(z))
dz z dz z

d,(z)= —ix(di+ ’"jLo (2)—ieLi(z), ds(z)= £x(di —ﬂjLo(z) _iely (),
Z

T5(2) = i(hLo(2) — 612 (2)),
fo(z>——£x(d m- ljm)+£X(di+m7“jLa<z)——z(3sLo<z) KLy (2)).

d z

Explicit expressions for four vectors L0123 in terms of Bessel functions are known; note notations

=ve? k% r; let Ve? k% =1 (to have the same dimension for all four solutions, we set L=1/1):

[2 ;2 _ 2.2
&UM,L@ __NeT -k
2 2

[2 ;2
\/58 (3)

k
=0, 1P=J,, [¥=0 L= 2 Ims

2 2
Ve —k
[P =0, 19=0, 1Y =wiJp,, LY=-2_"2_ —— .
€

L =—igLJ ,,, I = ikLJ,,, " = — LT a1

LV =-iJ,, LY =0, =0, L=

We substitute these expressions (3) in the formula for components of the gauge tensor. This results in

7‘] :i\/EKJm—Zn j72=O, 73207 El :07 Ezzi']m’ E?):k-]m—ln

V2

158
R A2 - A - A2 -
dy=- E-{_S Jme1, dyr =tk——J,,, dj 2—2—8Jm+1, fo Z—i\/EMm;

J2e

. - . A A
f1=0, fo=2ik],, f3=0,c¢c =—F= —J -1,
s V2 V2
R ) - k> -k -
di=—22J, 1, dy=—ig| —+1|J,y, d3 =—=T i1, fo=2ik],;
1 1, a2 (82 } 3 o2 1> Jo

Ims1, €2=0, c3 =~
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— — — _ _ 2 _
F1=0, /=0, f3=—2iM 12, & =—kJ i1, Ca =—£i7v]m, c3 =0,
0 2
A S N S A L b Fo =2irJ
1 2e m—1» 2 \/58 ms 3 D¢ m+ls 0 m-

Verifying the gauge solutions. We should remind expressions for all 6 solutions from Section 2.
With 4 vectors, L(cl) , L(Cz), L(c3) , L(CO) we may associate corresponding 10-dimensional columns Q, R, S, T
with the structure {f;,c;,d;, fo}:

= . = = — _ iA _
fi=iN2AJa, =0, f3=0, =0, =$Jm, 3 =kJ -1,
W0, (Xz

2
d, = XJFSJJm—h ds =ikLJm, d; =—2—8Jm+1,fo = ~iN20J 5

V2e

= = ) — _ A _ _ A
f1=0, fo=2ikJ,, f3=0,ci=——=Jp41,C2=0,C3 =—F

V2 V2

2
Jm—lstZ_ig[k_z+lJJmad3: Jm+1afO=2ik]m;
€

Jm—l;

L =R,
— I

I
dy =——
1 8\/5

&2
NG

— - —= _ _ 2. _
J1=0, f2=0, f3=—\/§l7\«/m+z,cl=—/€Jm+1,cz=—717u]m,03=0,
©=s :
g = ik, A= A |y Fo =~200T
1 e m—1, ¢2 \/58 ms U3 Je m+ls JO m?

— — k2 —
S1=M 2, 2 :_27Jm> J3=Mpi2,

LO =T, ¢ =—2ik] i1, T =M, T = =20k i,

5 . = ek = . = 2¢?
dy =~2ie] 1, d =27Jm, d3 =2ie) . fo Z_TJm-
These 4 columns Q, R, S, T should be decomposed in linear combinations of solutions ¥;,i=1,...,6:

O=q¥1+q2¥Y2+q3¥3+q4¥4+qs5¥s5+q6¥s,

R=n¥Y1+n¥Y,+nVY;+mn¥Y4+r¥s+rs¥Ye,

S=51¥Y1+s5,¥> +S31P3 +54%¥4 +S5\P5 +S6lP6,

T=t;VY1+t,VYr+63¥Y5+t4VY4+1t5VYs5+1cWe;
whence we derive 4 algebraic systems. The first system has the form

—i2h=q1, 0=~2(q4s—q3)h—2qse, 0=—q1, O=igs,

i g2 + gl +2q3kh —N2q4kh - 2qske — 2q6€2,

V2

0, L 1) N2(q1— 9207 —2(g5 + qa)kh + 23 2e(gsk + gee)
=-1q4, —|m-t+E€|=-1 5
2§ 4)re
2 _ 2 _
o 2 2@=a2)h - 2gs+ qkh=2N2egsk+ase)

J2e — 15 2€ 4Ae
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Its solution reads

A
0, q1=—iN2\, q2=0, g3=0, qa =ik, g5 =ik——, g6 =-ix2\.

2e

The second system reads

R, 0=-n, 2ik=ﬁ(”_”3)7‘_2“8, 0=—ry, ———=irs,
2k 2
0= rlkz +r2k2 +\/§r3kk —x/§r4kk—2r5k8—2r682, —%z —iry,

78 __l.\/E(rl—rz)kz—Z(rg+r4)kk+2\/58(r5k+r68) i EH _,
eV2 4)e ’ g2 >
9 _l,\/E(rl — 1A = 2(r3 + ra)kh — 24/2e(rsk + r6€)
g\/E 4 e

its solution has a structure

5 2ik=l’6;

e e s .
R, n=0,1mn=0,n =1$, r4 =—1$, rs =—18(—2+1}, e = 2ik.

€

The third system reads

Jma _i\/z}\'JerZ :_S2jm+2, _k]erl :iSSJerla

A

2 2 _ _ _ 2
Ly, = S0 +sah +/2s3kM ?541«& 2sske=2s8” ;o
2 2
AT __iﬁ(sl—smz—2(S3+S4)kx+2\/ig(s5k+s6g) S kM
Je e m—1» \/58 59 ms
2 _ 2 _
{H 2%_ J JmH:i(*/E(Sl s2)h 2(s3+4;z)kx 226 (ssk +568)) o B 5ot

its solution reads

S, S1 =0, ) =i\/§7\., S3 =—E_, S4 =0, S5 =—ﬁ Se6 =\/§i7\..
1

V2e’

The fourth system reads

2
T, ti=—A, t) =—A, 13 =—\/§k, ty =\/5k, ts =2Tks, te Z—%.

So we have found 4 decompositions

O=—iN2AW, +ik¥ 4 +ikL2\P5 — i,
S

V2 V2 e

SZZ'\/E}LLPZ —E.“P3 —ﬂ‘PS +\/§i7\,\1"6,
i V2e
2ke 2¢’

T=-A¥ AV, —2kW; +2k¥, +T‘I’5 —T%.

2
Reitw, iy, —ia[k—2+1J‘P5 +2ikW s,

@
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Because when finding 6 independent solutions in massless case it was shown that corresponding
scalar function is equal to zero, A(»)=0, we have to calculate the component 4 (r) for each gauge
vector Lg’), i=1,2,3,0. First, we find the general expression for /4 (r):

_m_

- 1(d 1 . .
h(V):——(—+;)(L3—Ll)—r\/i(l@ +L1)—ZSL0—ZkL2;

2\ dr

in the variable z = \/82 k%7, \/82 —k? = this equality reads

— A(d o1 m
W) = - L 2\ (L — L) =AUy + L) — ieLo — kLo,
(2) ,—2(62,2 Zj(3 1) Zﬁ(3 1)—igLlo —ikL,

after performing needed calculations, we obtain

L,

L(Cz), }T(Z):ik]m_ikjmzo’

Ae?- Vel —k?

_ k2
LD, h(z)=—i J+i
@=""5 N

IO h(z)=Ne?-k?*J,, —Ne?-k>J, =0.

Jm =0,

We conclude that for all 4 cases the gauge component /() turns out to be vanishing.
Eliminating the gauge degrees of freedom. As shown above, the four gauge solutions are decom-
posed on 6 independent solutions (see (4)). The six t solutions ¥; can be considered as an orthogonal basis:

VW, =98y, i,jedl,.., 6}
Let us search two solutions, which are decomposed in combination of 6 vectors ‘V';:
OO =W + 0w, + oW + 0w+ 00W s + 9 W,
D@ =P + PV, + 0¥ + 0P + P W5 + 9P W

besides, these 2 solutions should be orthogonal to 4 gauge solutions

oVo=0, dPr=0, oVs=0, oV7=0;

®?0=0, ®@PRr=0, ©Ps=0, ®P7r=0.
It suffices to study only one equation (the index in brackets is omitted)

®O=0, PR=0, PS=0, T =0. 6)

In detailed form we get equations

(011 +02¥o+ 033 +04Y4+05¥s +¢6‘P6)(—i\/§7»‘1’1 +ik' 4 +ikL‘P5 —i\/EX‘I%j =0;

V2e
LA e s .
(¢1\I’1+(I)2\P2 +¢3\P3 +(|)4\P4 +(I)5\P5 +¢6\P6) ZE\P3—13\P4—18 S_2+1 lP5 +2lk\P6 =0;

k 1793
(O1¥1+ 02V + 033 +¢s¥a+¢s'¥s +¢6‘1’6)(l\/§7»‘1’2 -—Y¥3 LA +\/§i7»‘1’6j =0;
1

V2e
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(011 +¢2¥o +03W3 +ds Vs +0sW¥s + )X

2
{—7&1’1 Wy N2k 5 +2kY 4 +%w5 _2%%}:0_

Therefore, from conditions (5) we derive algebraic system of 4 equations

¢1<—iﬁx)+¢4<z’k>+¢{ik j+¢6(—iﬁx)=o,

LN

NGY:
2

03 (1%) + 04 (—i%) +05 {—is[i—z+ 1}} + o (2ik) =0,

¢2(i@»)+¢3(—?}%[—ﬂjwﬁ(ﬁm:a

J2¢
2ke 2¢?
¢1(—x)+¢z(—x)+¢3(—ﬁk)+¢4<ﬁk)+¢s(Tjﬂb [‘TJZO'
This system may presented in the matrix form B‘(&q)(l) =0:
. . oA .
—l\/§7\. . . ik ik—— —1\57»
\/58 (|)1
A A k2 b2
i— —-i— -—ig|—+1 2ik
V2 V2 [82 } 3| _ 0
W -k ||
i 2¢ bs
2 (|06
v v 2k 2k 2ke —2%

The rank of the matrix B equals 3. We readily verify that after eliminating the forth row we obtain
matrix with the same rank 3. Thus, we have an equivalent system

it
B . N
zx/Ek 0 i o l]; > —l\/E?u
i i ) .
k 03 0 . V2in
0 W2 -~ _ ik
! 2¢

Because all parameters ¢;,i=1,...,6, are fixed up to an arbitrary total multiplier, we can set ¢3 =1. In
this way, from (6) we derive the simple solution

. . . 2
Dy = ik s v i D, = ["—2+1]¢5 ~2ikds.
€

e N A

iN2L$> +ik:%¢5 — i 20
€
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The second equation permits us to eliminate ¢4:

k% +¢? k
03 =1, ¢4=1—ﬁ—; ¢5+zﬁx¢6,
e

k ke®+3k? 2k2 -
= — +2
W= T e A2

Thus, we can fix 2 independent solutions as follows

re—2(e +k2) A _ (V2re g2 -3k%)k A (L 2ok
7\,8 B 1 27\‘28 B 2 28}\, B

k M+ 232k% =262 ++/2k2 k
d3=1 ¢5=0, ¢¢ =1, ¢4ZMX’ ¢ = Nk T

So, we have found two gauge-free solutions for massless spin 2 field, as expected by physical reason.

g’ Kk k
b6, 02 —2—84)5 —bs T

¢3=1: ¢5:17 ¢6:0, ¢4=
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