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CLASSICAL SOLUTION OF THE CAUCHY PROBLEM FOR A QUASI-LINEAR WAVE EQUATION  
WITH DISCONTINUOUS INITIAL CONDITIONS

Abstract. We consider the Cauchy problem for a one-dimensional weakly quasi-linear wave equation given in the upper 
half-plane. The initial conditions have a first-kind discontinuity at one point. We construct the solution using the method of 
characteristics in implicit analytical form as a solution of some integro-differential equations. The solvability of these 
equations, as well the smoothness of their solutions, is studied. For the problem in question, we prove the uniqueness of the 
solution and establish the conditions, under which its classical solution exists. 
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КЛАССИЧЕСКОЕ РЕШЕНИЕ ЗАДАЧИ КОШИ ДЛЯ КВАЗИЛИНЕЙНОГО ВОЛНОВОГО  
УРАВНЕНИЯ С РАЗРЫВНЫМИ НАЧАЛЬНЫМИ УСЛОВИЯМИ

Аннотация. Для одномерного слабо квазилинейного волнового уравнения, заданного в верхней полуплоскости, 
рассматривается задача Коши. Начальные условия имеют разрыв первого рода в одной точке. Решение строится  
в неявном аналитическом виде как решение некоторых интегро-дифференциальных уравнений. Проводится иссле-
дование разрешимости этих уравнений, а также гладкости их решений. Для рассматриваемой задачи доказывается 
единственность решения и устанавливаются условия, при выполнении которых существует ее классическое решение. 
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разрывные начальные условия
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Introduction. Partial differential equations with discontinuous initial conditions are quite common 
in various applications, e. g. the propagation of shock waves in a medium [1]. We usually model this phe-
nomenon using the Cauchy problem with discontinuous conditions. This leads to difficulties in the defi-
nitions and interpretations of solutions [2].

We often solve such problems by functional methods, e. g. the Fourier transform and the Laplace 
transform. However, these methods usually do not cover all possible cases of giving the Cauchy condi-
tions [3] since inverse integral transformations converge, as a rule, to the average of the left and right 
limits [4]. Therefore, various methods have been developed to solve such problems, e. g. the contour in-
tegral method [5]. Although this method has a lot of disadvantages, some of which are also inherent in 
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the Fourier method [6], such as increased requirements for smoothness of functions and matching  
of functions, i. e., functions must satisfy some additional matching and smoothness conditions, it has 
allowed us to consider a large number of problems of dynamic impact theory, see [7–10] and cited litera-
ture. Also, we note the classical d’Alembert method (the method of characteristics), which is not as pow-
erful as functional methods. But we can use it to obtain a qualitative description of impact phenomena 
[11; 12], to solve some boundary-value problems [13; 14] of impact theory, and it allows us not to identify 
functions that differ on a set of Lebesgue measure zero.

This work is a continuation of our studies of the Cauchy problem for a mildly quasilinear wave equa-
tion [15] and mixed problems with discontinuous initial and boundary conditions [13; 14; 16; 17]. In this 
article, we consider the Cauchy problem a one-dimensional mildly quasilinear wave equation given in 
the upper half-plane. The initial conditions of this problem have a discontinuity of the first kind at one 
point of the real axis. We use the method of characteristics to solve this problem. We build the piece-
wise-smooth solution, which satisfies additional matching conditions, in an implicit analytical form as  
a solution of some integro-differential equations. We study the solvability of these equations and the 
smoothness of their solutions. We prove the existence and the uniqueness of the solution to the Cauchy 
problem under some smoothness conditions of the initial data. The article proposes an approach to con-
structing solutions with discontinuous initial conditions.

Statement of the problem. In the domain (0, )Q = ∞ ×  of two independent variables 2 ,( , )t x Q∈ ⊂   
consider the one-dimensional nonlinear equation

	 ( , ) ( , , ( , ), ( , ), ( , )) ( ( , ,, ), )xtu t x f t x u t x u t x xu t x t x QF t∂ ∂+ ∈= 	  (1)

where 2 2 2
t xa= ∂ − ∂  is the d’Alembert operator ( 0a >  for definiteness), F is a function given on the set 

,Q  and f is a function given on the set 3.Q×  Equation (1) is equipped with the initial condition

	 ,(0, ) (0( ), ( ),, )tu x u xx x x= ϕ ∂ ψ ∈=  	  (2)

where φ and ψ are some real-valued functions defined on the real axis. 
The functions φ and ψ  are piecewise smooth and defined by the formula
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ϕ ∈ −∞
ψ ∈ −∞ϕ = = ψ = ψ ∈ +∞ϕ ∈ +∞

where x0 and A  are arbitrary real numbers, 1ϕ  and 1ψ  are functions given on the set 0( , ],x−∞  and 2ϕ  
and 2ψ  are functions given on the set 0[ , ).x + ∞

In the case of sufficiently smooth data, namely, 2 ( ),Cϕ∈   1( ),Cψ∈   1( ),F C Q∈  and 1 3( ),f C Q∈ ×  
we considered the problem (1), (2) in the article [15].

For the linear wave equation, i. e., 0,f ≡  the problem (1), (2) was studied in the works [16] and [13; 
14; 17] in the cases of 1( )Cψ∈   and 2 ( )Cϕ∈   respectively. 

Following [18], we investigate two main questions: 1) the exact statement of the initial value problem 
(1), (2); 2) the smoothness of the solution. The cause for the first question is the non-existence of the clas-
sical solution of the problem due to the condition 2 ( )Cϕ∉   or 1( ).Cψ∉ 

Constructing the solution of the Cauchy problem. We divide the domain Q by the characteristics 
0x at x− =  and 0x at x+ =  into three subdomains
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On the closure Q  of the domain Q, we define a function u as the one coinciding with the solution u( j) 
of the partial differential equation (1) 

	 ( )( )
*( , ) ( , ), ( , ) ,jju t x u t x t x Q= ∈ 	  (3)

on the domain ( )
* ,jQ  where (1) (1) (3)

* \ ,Q Q Q=  (2) (2) (3)
* \ ,Q Q Q=  and (3) (3)

*Q Q=  (Figure)
By virtue of discontinuous initial conditions, the problem (1), (2) does not have a classical solution 

defined on the set .Q  Nevertheless, we can define a classical solution on a smaller set \Q Γ  so that it 
belongs to the class 2 ( \ )C Q Γ  and satisfies the equation (1), the initial conditions (2), and additional 
matching conditions given on the set Γ .

D e f i n i t i o n. A function u is called a classical solution of the problem (1), (2) if the follo- 
wing conditions are satisfied: 1) the function u( j) belongs to the class ( )( )2

*
jC Q  for each {1, 2, 3};j∈   

2) the function u( j) satisfies Eq. (1) in the domain ( )
*

jQ  for each {1, 2, 3};j∈  3) the initial condition 
(0, ) ( )u x x= j  is met on the whole real axis; 4) the initial condition (0, ) ( )tu x x∂ = ψ  is met on the whole 

real axis, except one point 0;x x=  5) the Goursat conditions

	
(3) (1)

0 0 1 0( , ) ( , ) ( ), 0,u t x x at u t x at A x t= - = - + - j ≥

	
(3) (2)

0 0 2 0( , ) ( , ) ( ), 0,u t x x at u t x at A x t= + = + + - j ≥ 	 (4)
hold. 

It turns out that finding a classical solution of the problem (1), (2) in the sense of Definition is equiv-
alent to solving the following problem.

Problem (1), (2) with matching conditions on characteristics. Find a classical solution of Eq. (1) 
with the Cauchy conditions (2) and the matching conditions 

	 0 1 0 0 2 0[( ) ( ) ]( , ) ( ), [( ) ( ) ]( , ) ( ) , 0.u u t x x at A x u u t x x at x A t+ - + -- = - = - j - = + = j - ≥

Here by ()±  we have denoted the limit values of the function u  and its partial derivatives calculated 
on different sides of the characteristics 0;x at x± =  i. e., 

0
( ) ( , ( )) lim ( , ( ) ).p p

t tu t x r t u t r t±

δ→ +
∂ = = ∂ ± δ

The functions u(1) and u(2) are determined from the Cauchy problems
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 (5)

for each 1, 2,j =  and under some conditions have the representations
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The partition of the domain Q into three subdomains
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L e m m a 1. Let the conditions 1( ),F C Q∈  1 3( ),f C Q∈ ×  2 ( ( )),j jCj ∈ j  and 1( ( ))j jCψ ∈ ψ  
be satisfied, and let the function f  satisfy the Lipschitz condition with constant L with respect to the 
three last variables, i.  e., 1 2 3 1 2 3 1 1 2 2 3 3( , , , , ) ( , , , , ) ( ). f t x z z z f t x w w w L z w z w z w- ≤ - + - + -  

Then for each 1, 2,j =  the Cauchy problem (5) has a unique solution in the class ( )2
*( )jC Q  determined 

by the formula (6).
P r o o f. It follows from our work [15].
Now the function u(3) is determined from the Goursat problem

	

(3) (3) (3) (3) (3)

(3) (1)
0 0 1 0

(3) (2)
0 0 2 0

( , ) ( , , ( , ), ( , ), ( , )) ( , ), ( , ) ,

( , ) ( , ) ( ), 0,

( , ) ( , ) ( ), 0.

t xu t x f t x u t x u t x u t x F t x t x Q

u t x at u t at A t

u t x at u t at A

x x
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x

x

 + ∂ ∂ = ∈
 = - = - + - j ≥
 = + = + + - j ≥



	

 (7)

L e m m a 2. Let the conditions 1( ),F C Q∈  1 3( ),f C Q∈ ×  2 ( ( )),j jCj ∈ j  and 1( ( ))j jCψ ∈ ψ  
be satisfied, and let the function f  satisfy the Lipschitz condition with constant L with respect to the 
three last variables, i. e., 1 2 3 1 2 3 1 1 2 2 3 3 .( , , , , ) ( , , , , ) ) (f t x z z z f t x w w w L z w z w z w- ≤ - + - + -  

Then the Goursat problem (7) has a unique solution in the class (3)2
* ).(C Q

P r o o f. According to Lemma 1, the conditions 1( ),F C Q∈  1 3( ),f C Q∈ ×  2 ( ( )),j jCj ∈ j  
and 1( ( ))j jCψ ∈ ψ  imply existence and uniqueness of the twice continuously differentiable func-
tions u(1) and u(2). This means that mappings (1)

1 0 1 0:[0, ) ( , ( ))t u t x at A xγ ∞ - + -j ∈   and 
(2)

2 0 2 0:[0, ) ( , ) ( )t u t x at A xγ ∞ + + -j  are twice continuously differentiable too and coincide at 
the point 0,t =  i. e., 1 2(0) (0).γ = γ  Now, we use the results of the work [19] to finally prove this lemma. 

Let us derive an integro-differential equation for the function u(3). We select four points 0(0, ),A x  
0 0, ,

2 2
x at x x at xB

a
+ - - + 

 
 

 ( , ),C t x  0 0,
2 2

at x x at x xD
a

+ - + + 
 
 

 from the domain (3)
* ,Q  apply the 

curvilinear parallelogram identity [20] and obtain
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2
z y dz t x Q

a
+  ∈ 

   

 (8)

We state the result as the following assertion.
T h e o r e m. Let the conditions 1( ),F C Q∈  1 3( ),f C Q∈ ×  2 ( ( )),j jCj ∈ j  and 

1( ( ))j jCψ ∈ ψ  hold, and let the function f satisfy the Lipschitz condition with constant L with res- 
pect to the three last variables, i.  e., 1 2 3 1 2 3 1 1 2 2( , , , , ) ( , , , , ) (  f t x z z z f t x w w w L z w z w- ≤ - + - +  
+ 3 3 .)z w-  The initial-value problem (1), (2) has a unique classical solution in the sense of Definition. 
This solution is determined by formulas (3), (6), and (8).

Analysis of the solution of the Cauchy problem. Taking into account twice continuous differentia-
bility of the functions u( j) for each 1, 2, 3,j =  independence of Lebesgue integral on the behavior of the 
function on a set of measure zero, the expressions (3), (6), and (8), we can formally rewrite (3) in the 
form
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2

x at

Q
x at

x a tt
t x

x a t

x at x at x xu t x d A t x
a

d F f u u u d t x Q
a
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-
+ -τ
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j - + j + j + j = + ψ ξ ξ + - χ + 
 

+ τ τ ξ - τ ξ τ ξ ∂ τ ξ ∂ τ ξ ξ ∈

∫

∫ ∫
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where χA is an indicator function of a set A. We note that if

	
(3)
*

1 0 2 0( ) ( ) ( , ) 0
2 Q

x xA t xj + j - χ ≡ 
  	

 (10)

then the representation (9) is sometimes called the (‘generalized’) d’Alembert formula [21].
Following [16], we consider three cases of specifying the discontinuous initial conditions under the 

conditions of Theorem.
1. 0 0( 0) ( 0) ,x x Aj - = j + =  i.  e., ( ).Cj∈   From the Goursat conditions (4), and the fact 

( ) 2 ( )( )j ju C Q∈  for each {1, 2, 3}j∈  we see that in this case the solution u belongs the class ( )C Q  and 
satisfies the ‘generalized’ d’Alembert formula.

2. 0 0( 0) ( 0)x xj - ≠ j +  and 0 0( 0) ( 0) .
2

x xA j - + j +
=  In this case, the solution u is no longer con-

tinuous, but the condition (10) holds, and the solution u satisfies the ‘generalized’ d’Alembert for- 
mula too.

3. 0 0( 0) ( 0)x xj - ≠ j +  and 0 0( 0) ( 0) .
2

x xA j - + j +
≠  The solution u is discontinuous and does 

not satisfy the ‘generalized’ d’Alembert formula.
These results are consistent with the conclusions of the work [16].
We note that the integro-differential equation (9) can be used to define a mild solution of the problem 

(1), (2). 
Conclusions. In the present paper, we have obtained the necessary and sufficient conditions under 

which there exists a unique classical solution of the initial value problem for the mildly quasilinear wave 
equation with discontinuous initial conditions. And we have proposed an approach to constructing solu-
tions with discontinuous initial conditions, even for nonlinear equations.
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