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CLASSICAL SOLUTION OF THE CAUCHY PROBLEM FOR A QUASI-LINEAR WAVE EQUATION
WITH DISCONTINUOUS INITIAL CONDITIONS

Abstract. We consider the Cauchy problem for a one-dimensional weakly quasi-linear wave equation given in the upper
half-plane. The initial conditions have a first-kind discontinuity at one point. We construct the solution using the method of
characteristics in implicit analytical form as a solution of some integro-differential equations. The solvability of these
equations, as well the smoothness of their solutions, is studied. For the problem in question, we prove the uniqueness of the
solution and establish the conditions, under which its classical solution exists.
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Axanemuk B. U. Kop3ok, 5. B. Pyasko
HUnemumym mamemamuxu Hayuonanonou axademuu Hayk benapycu, Munck, Pecnyonruxa beaapyco

KJACCHYECKOE PEIIEHUE 3AJAUM KOWIA AJ51 KBASUJIMHEMHOIO BOJTHOBOI'O
YPABHEHUS C PA3PBIBHBIMU HAYAJIBHBIMHU YCJIOBUSIM U

AnHoTanus. [lJ1st oqHOMEPHOTO cl1a00 KBAa3MJIMHEHHOTO BOJTHOBOTO YPaBHEHU S, 3aIaHHOT'0 B BEpXHEH MOy IIIOCKOCTH,
paccmarpuBaetcs 3amada Komun. HauanapHbIE yCIOBHS MMEIOT pa3phlB IEPBOTO poja B ONHOW Touke. PemeHme crpouTtces
B HESBHOM aHAJIUTUYECKOM BHUJE KaK pElIeHHe HEKOTOPBIX HHTErpo-IudpepeHunaIbHbIX ypaBHeHUH. [IpoBoauTes nccie-
JIOBaHHE Pa3pEeIIMMOCTH ITUX ypaBHEHHUH, a TaKKe TIaJIKOCTH UX pereHuit. s paccMaTpuBaeMoil 3ajaun JOKa3bIBaeTCA
€IMHCTBEHHOCTD PEIICHUS M YCTAaHABITUBAIOTCS YCIIOBUS, TIPH BHIITOJTHEHUH KOTOPBIX CYIIECTBYET €€ KIaCCHIECKOE PEeLICHNUE.

KuroueBble c10Ba: HEIMHEHHOE BOIHOBOE ypaBHEHHE, 3a1a4a Ko, MeTox XapaKTepUCTHK, KIACCHYECKOe PeIIeHIe,
pa3pbIBHBIC HAUaJIbHBIC YCIOBUS

Jas uutupoBanus. Kopsiok, B. U. Knaccuueckoe pentenne 3anauu Koy 1151 KBa3uanHEHHOTO BOJTHOBOI'O YPaBHEHUS
C pa3pbIBHBIMH HaualdbHBIMH ycioBusimMu / B. W. Kopstok, 5. B. Pynsko / lokn. Ham. akan. vHayk bemapycu. — 2023. — T. 67,
Ne 3. — C. 183-188. https://doi.org/10.29235/1561-8323-2023-67-3-183-188

Introduction. Partial differential equations with discontinuous initial conditions are quite common
in various applications, e. g. the propagation of shock waves in a medium [1]. We usually model this phe-
nomenon using the Cauchy problem with discontinuous conditions. This leads to difficulties in the defi-
nitions and interpretations of solutions [2].

We often solve such problems by functional methods, e. g. the Fourier transform and the Laplace
transform. However, these methods usually do not cover all possible cases of giving the Cauchy condi-
tions [3] since inverse integral transformations converge, as a rule, to the average of the left and right
limits [4]. Therefore, various methods have been developed to solve such problems, e. g. the contour in-
tegral method [5]. Although this method has a lot of disadvantages, some of which are also inherent in
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the Fourier method [6], such as increased requirements for smoothness of functions and matching
of functions, i. e., functions must satisfy some additional matching and smoothness conditions, it has
allowed us to consider a large number of problems of dynamic impact theory, see [7-10] and cited litera-
ture. Also, we note the classical d’Alembert method (the method of characteristics), which is not as pow-
erful as functional methods. But we can use it to obtain a qualitative description of impact phenomena
[11; 12], to solve some boundary-value problems [13; 14] of impact theory, and it allows us not to identify
functions that differ on a set of Lebesgue measure zero.

This work is a continuation of our studies of the Cauchy problem for a mildly quasilinear wave equa-
tion [15] and mixed problems with discontinuous initial and boundary conditions [13; 14; 16; 17]. In this
article, we consider the Cauchy problem a one-dimensional mildly quasilinear wave equation given in
the upper half-plane. The initial conditions of this problem have a discontinuity of the first kind at one
point of the real axis. We use the method of characteristics to solve this problem. We build the piece-
wise-smooth solution, which satisfies additional matching conditions, in an implicit analytical form as
a solution of some integro-differential equations. We study the solvability of these equations and the
smoothness of their solutions. We prove the existence and the uniqueness of the solution to the Cauchy
problem under some smoothness conditions of the initial data. The article proposes an approach to con-
structing solutions with discontinuous initial conditions.

Statement of the problem. In the domain O = (0, 0)x R of two independent variables (7, x) € O = R?,
consider the one-dimensional nonlinear equation

ou(t, x)+ f(t, x,u(t, x),0.u(t, x), 0 u(t,x))=F(,x),(t,x)e0, (1)

where o0 = 07 —a?0?2 is the d’Alembert operator (a >0 for definiteness), F is a function given on the set
0, and f1is a function given on the set O x RS, Equation (1) is equipped with the initial condition
u(0, x) = ¢(x), ou(0,x)=y(x), xR, (@)

where ¢ and y are some real-valued functions defined on the real axis.
The functions ¢ and y are piecewise smooth and defined by the formula

(Pl(x)a X e (_Ooax0)a
o(x) =14, X =Xo, \V(X)={
P2(x)  xe(xg,+x),

Vi(x), xe(-%,x0),
WZ(X)7 )CE()C(),-I—OO),

where x, and 4 are arbitrary real numbers, @; and y; are functions given on the set (—o0, xo], and @,
and y, are functions given on the set [xg, + ).

In the case of sufficiently smooth data, namely, ¢ € C*(R), y e C}(R), F eC'(Q), and f e C'(OxR?),
we considered the problem (1), (2) in the article [15].

For the linear wave equation, i. e., f =0, the problem (1), (2) was studied in the works [16] and [13;
14; 17] in the cases of y € CI(R) and pe C*(R) respectively.

Following [18], we investigate two main questions: 1) the exact statement of the initial value problem
(1), (2); 2) the smoothness of the solution. The cause for the first question is the non-existence of the clas-
sical solution of the problem due to the condition @ & C*(R) or y ¢ C'(R).

Constructing the solution of the Cauchy problem. We divide the domain Q by the characteristics
x—at=xo and x + at = x( into three subdomains

O ={(x) |(t,x)eQ/\x+at<x0},
0, ={(t,x) | (t,x)eOAx—at>x},

O3 ={t,x) | (t,x)eQAx+at>xgAx—at<xgy}.
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On the closure O of the domain Q, we define a function u as the one coinciding with the solution 1)
of the partial differential equation (1)

u(t,x)=u(t,x), (@t x)e0’, 3)

on the domain Q,E-/), where Qil) = Q(l) \Q(3), Q,Ez) = Q(z) \Q(3), and Q£3) = Q(3) (Figure)

By virtue of discontinuous initial conditions, the problem (1), (2) does not have a classical solution
defined on the set 0. Nevertheless, we can define a classical solution on a smaller set O\T" so that it
belongs to the class C 2(@ \T") and satisfies the equation (1), the initial conditions (2), and additional
matching conditions given on the set I".

Definition. A function u is called a classical solution of the problem (1), (2) if the follo-
wing conditions are satisfied: 1) the function u"’ belongs to the class C 2( u )) for each je{l,2,3};
2) the function uV satisfies Eq. (1) in the domain Qij) for each je{l,2,3}; 3) the initial condition
u(0, x) = @(x) is met on the whole real axis; 4) the initial condition 0,u(0, x) =y(x) is met on the whole
real axis, except one point x = xq; 5) the Goursat conditions

u(3)(t, xX=Xx0—at) =u(l)(z‘, xo—at)+ A—o1(xg), t=0,

u® @, x=xo+at)=u®(t, xo +at)+ A— 9, (xg), >0, @)
hold.
It turns out that finding a classical solution of the problem (1), (2) in the sense of Definition is equiv-
alent to solving the following problem.
Problem (1), (2) with matching conditions on characteristics. Find a classical solution of Eq. (1)
with the Cauchy conditions (2) and the matching conditions

()" = ()1t x=x0 —at) = A= @1(x0), [()" = @) 1(t, x=x0 +at) =P2(x9) — 4, 1=0.

Here by ()* we have denoted the limit values of the function u and its partial derivatives calculated
on different sides of the characteristics x +at = xo; i. ., (8Pu)*(t, x =r(t))= lim 67u(t, r(t)+3).
The functions uV and u® are determined from the Cauchy problems ’

ou' (t, x) + £, x,u (%), 0 (¢, %), 0, (1, %)) = F(t, %), (1,x)€ 0", -
u(0,0=0;(x), 0 (0,x)=y;(x), (-1)7x2 (1) xq,
for each j=1,2, and under some conditions have the representations
; Q;(x—at)+o;(x+at) 1
u (1, x) =~ ’ +o— [ wj©de+
2 Za x—at
©)

t  x+a(t-t)

+2i [dr | (F&)-feuD(0,8),0u(x,8),0u(w,)de, (t,x)e 0.

ay x—a(t-1)

N Al 7
N o L
o N Y // o
N ’
N ’
AN /
xt+at=xo-{- P d
N Z _
\ Ve EREy X—at=Xxo
N ’
AN /7
[0 X0 X

The partition of the domain Q into three subdomains
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Lemma 1. Let the conditions F € C'(Q), feC(OxR?), ¢; € C*(D(9;)), and y ; € C'(D(y )
be satisfied, and let the function f satisfy the Lipschitz condition with constant L with respect to the
three last variables, i. e., |f(t, x,z1,22,23)— f(t, x, W, wo, W3 )| < L(|21 - w1| +| Zy — w2| + |23 - W3|).

Then for each j=1,2, the Cauchy problem (5) has a unique solution in the class C Z(Q,Ej )) determined
by the formula (6).

P ro o f. It follows from our work [15].

Now the function #® is determined from the Goursat problem

ou® (1, x)+ £(t, x,u® (2, x), 0, (2, x), 9,u® (1, X)) = F (1, x), (1,x)eQ?,
u®(t, x=xg—at)=uV(t, xo —at) + A—pi(x¢), 120, (7)

u(3)(t,x=x0 +at) =u(2)(t, Xo+at)+ A—9y(xg), t=0.

Lemma?2.Let the conditions F € C'(Q), feC(OxR?), OFR= CZ(D((pj)), and vy ; € CI(D(Wj))
be satisfied, and let the function [ satisfy the Lipschitz condition with constant L with respect to the
three last variables, i. e., |f(t, X, Z1,22,23)— f (¢, x, wi, wy, w3 )| < L(|21 — w1| +| Zy — wz| + |23 — W3|).

Then the Goursat problem (7) has a unique solution in the class C Z(Q,E”).

P r oo f According to Lemma 1, the conditions F e CI(Q), fe CI(QX R3), OF RS CZ(D((pJ-)),
and y; eC 1(D(\V 7)) imply existence and uniqueness of the twice continuously differentiable func-
tions u® and u®. This means that mappings y;:[0,0)37> u®(t, xo—at)+ A—@(xo)eR and
¥2:[0,0)>t— u® (t,x9 +at)+ A—@,(xg) are twice continuously differentiable too and coincide at
the point 1 =0, i. e., y;(0)=v,(0). Now, we use the results of the work [19] to finally prove this lemma.

Let us derive an integro-differential equation for the function u®. We select four points 4(0, xo),
B(xo+at—x Xo—at+x at+x—xg at+x+xo

, , C(t,x), D , from the domain ,53), apply the
y 2)()(261 2} 0., apply

curvilinear parallelogram identity [20] and obtain

+at — —at+ t+x— t+x+
u(3)(t,x)=u(l)[x0 at—x xo-a xj‘i‘A—(Pl(XO)—(Pz(Xo)-i-u(z)(a X=X at+x xoj_

2a 2 2a 2
o o z—y z+ z—y z+ z—y z+
—— Jdy | (F[ L yj—f[ z, y,u“’(—y,—y} ®)
4a” o 2a 2a 2a 2a 2a 2a
ou® ﬂ”_y) o.u® (ﬂ“_y dz, (t,x)e 0.
a 2a 2a = 2a

We state the result as the following assertion.

Theorem Let the conditions FeC'(Q), feC(OxR?), OFRS CZ(D((p_,)), and
y;eC 1(D(\u 7)) hold, and let the function f satisfy the Lipschitz condition with constant L with res-
pect to the three last variables, i. e., |f(t, X,21,22,23)— f(t, x, w, wo, W3)| < L(|21 - w1|+| Zy — wz| +
+|23 - W3|). The initial-value problem (1), (2) has a unique classical solution in the sense of Definition.
This solution is determined by formulas (3), (6), and (8).

Analysis of the solution of the Cauchy problem. Taking into account twice continuous differentia-
bility of the functions u) for each j=1,2,3, independence of Lebesgue integral on the behavior of the
function on a set of measure zero, the expressions (3), (6), and (8), we can formally rewrite (3) in the
form

u(t, = 0oLt a) ] x]mw(a)da{A_ 91(x0) + 92(x0)

3 2. 5 jXQp) (¢, x)+
1 t x+a(t—-1) _ (9)
+—[dt | (F(t,&)— f(t,&u(t, &), 0u(t, €), 0u(t, E))dE, (t,x) €0,

ay x—a(t—-1)

—da



Joxmaast HanmonansHoM akagemun Hayk bemapycu. 2023. T. 67, Ne 3. C. 183-188 187

where y, is an indicator function of a set 4. We note that if

(A— P1(x0) +P2(x0)
2

then the representation (9) is sometimes called the (‘generalized’) d’Alembert formula [21].

Following [16], we consider three cases of specifying the discontinuous initial conditions under the
conditions of Theorem.

L. xo—0)=@(xg+0)=4, i. e, 9 C(R). From the Goursat conditions (4), and the fact

uD e C*(OY) foreach je{l,2,3} we see that in this case the solution u belongs the class C(Q) and

satisfies the ‘generalized’ d’Alembert formula.
4= 90 —0) +9(xo +0)
2

)XQ@ (#,x)=0 (10)

2. @(xo —0) # ¢(xo +0) and

. In this case, the solution u is no longer con-

tinuous, but the condition (10) holds, and the solution u satisfies the ‘generalized’ d’Alembert for-
mula too.

3. o(xg—0)=p(xp+0) and A+ @(xo —0) + @(x0 +0)

. The solution u is discontinuous and does

not satisfy the ‘generalized’ d’Alembert formula.
These results are consistent with the conclusions of the work [16].
We note that the integro-differential equation (9) can be used to define a mild solution of the problem

@D, ).

Conclusions. In the present paper, we have obtained the necessary and sufficient conditions under
which there exists a unique classical solution of the initial value problem for the mildly quasilinear wave
equation with discontinuous initial conditions. And we have proposed an approach to constructing solu-
tions with discontinuous initial conditions, even for nonlinear equations.
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