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Abstract. This paper establishes continuous and discrete two-sided estimates for a class of quasilinear parabolic
convection—diffusion—reaction equations with unbounded nonlinearities and reaction coefficients of arbitrary sign. For
nonpositive reaction coefficients, rigorous continuous two-sided bounds are derived for classical solutions, together with an
a priori estimate in the strong C-norm. These results extend, in a structurally coherent manner, the corresponding theory
available for linear parabolic problems. For reaction coefficients of arbitrary sign, second-order unconditionally monotone
schemes are constructed. By applying the Ladyzhenskaya transformation u = ve", alternative discrete two-sided estimates are
derived for the numerical solution and shown to be fully consistent with their continuous counterparts. Finally, convergence
of the developed schemes is rigorously proved in the L,-norm.
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MOHOTOHHBIE PASHOCTHBIE CXEMBI JIJISI KBASUJTAHEWHBIX TAPABOJIMUYECKHX
VYPABHEHHU C KOY®PUIUEHTAMM PEAKIIAU MPOU3BOJILHOI'O 3HAKA

AHHOTanMs. YCTaHOBJIEHB! HEMPEPHIBHBIE U TUCKPETHBIE JBYCTOPOHHUE OLEHKH JIJIS KJIacca KBa3MJIMHEHHBIX mMapado-
JTUYECKUX YPABHEHUH KOHBEKIMH—TU(]y3Hr—peaknnn ¢ HeOrpaHMUCHHBIMH HETMHEHHOCTAMHU U KOI(GPHUIINEHTaMHU Peak-
IIUHM TIPOU3BOJIBHOTO 3HaKa. J{JI HEMOMOKHUTENBHBIX KO3()(DUIIMEHTOB PEAKIINH BBIBEICHBI CTPOTHE HEMPEPHIBHBIE ABYCTO-
POHHHE OIIEHKH JUIsl KJIACCHYECKUX PEIICHHH, a TakyKe almpHopHas oleHKa B cunbHON C-HopMme. [lomydeHHbIE pe3ynbTaThl
CTPYKTYPHO HEMPOTHBOPEUNUBBIM 00PAa30M PACHIMPSIIOT COOTBETCTBYIONIYIO TEOPHIO, JOCTYTHYIO ISl INHEHHBIX apabou-
yeckux 3agad. g ko3hOUIHEeHTOB peaknuy MPOM3BOIBHOTO 3HAKA MOCTPOEHBI 0€3yCIOBHO MOHOTOHHBIE CXEMBI BTOPOTO
nopsiaka. C moMomsio mpeoGpasoBaris JlagbokeHCKOl 1 = ve' BBIBEICHBI aNbTEPHATHBHBIC TUCKPETHBIC IBYCTOPOHHHE
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OLICHKH [Tl YUCICHHOTO PEIICHUs, KOTOPbIE, KaK MOKAa3aHO, MOJHOCTHIO COMIACYIOTCS C MX HEMPEPBIBHBIMU aHAJIOTaMU.
CxoMMOCTb pa3padoTaHHBIX CXEM CTPOTO JI0Ka3aHa B L,-HOpPME.
KuroueBble cjioBa: MPUHIIMIT MAKCUMYMa, JIBYCTOPOHHHUE OIICHKH, KBa3WJIHHEHHOE MapaboIHiecKoe ypaBHEHHE KOH-
BEKITUU—TUPPY3UH—peaKIuu, KOOPPUIIMESHT peaKIIni TPOU3BOJIBHOTO 3HAKA, CXOAMMOCTh, MOHOTOHHAS PA3HOCTHASI CXeMa
Juast uurupoBanus. Maryc, [1. [1. MOHOTOHHBIC pa3HOCTHBIE CXEMBI JIJIs1 KBa3HJIMHEHHBIX MApabOIUIeCKIX YPaBHCHUN
¢ ko3 durreHTaMu peakuu npousBoibHoro 3uaka / I1. I1. Maryc, Jle Munb Xuey, A. JI. [lmagkos // [Joknans Hanuonans-
HOU akanemuu Hayk bemapycu. —2026. — T. 70, Ne 3. — C. 183—190. https://doi.org/10.29235/1561-8323-2026-70-3-183-190

Introduction. Partial differential equations provide a fundamental mathematical framework for
modeling diffusion, transport, and reaction processes in natural and engineering sciences. Among
them, parabolic equations are particularly important due to their role in describing heat conduction,
subsurface flow, and nonlinear diffusion phenomena. A central qualitative feature of such problems
is the validity of continuous two-sided estimates, which ensure that the solution remains bounded by
functions determined by the initial and boundary data as well as the source term. This property reflects
the intrinsic smoothing character of diffusion and guarantees stability and physical admissibility.

For linear parabolic equations, continuous two-sided estimates have been rigorously established
and extensively applied in the study of existence, uniqueness, and stability; see [1-3]. In particular,
[2] provides a precise formulation that has proved useful in both theoretical and numerical contexts.
However, when nonlinear diffusion or convection terms are present, especially with solution-dependent
coefficients, classical comparison techniques are no longer directly applicable, and the derivation of such
estimates becomes substantially more involved.

At the discrete level, preserving qualitative properties of the differential model is essential for
reliable simulations. Discrete two-sided estimates prevent artificial oscillations and spurious extrema.
Early contributions can be found in [4; 5], with further developments in [2; 6; 7]. Related studies on
monotone schemes and the maximum principle include [8—15].

Nevertheless, significantly fewer results address reaction coefficients of arbitrary sign. Motivated
by this gap, the present work constructs unconditionally monotone finite-difference schemes (FDSs)
for quasilinear parabolic equations with unbounded nonlinearity and sign-indefinite reaction terms,
employing the exponential transformation technique from [1], and establishes consistent continuous and
discrete two-sided estimates together with convergence results.

Problem statement. In the domain O ={(x,1):x€Q,t€[0,T]}, Q={x:0<x<}=QuU{0,}
we study the initial-boundary value problem for the quasilinear parabolic convection—diffusion—reaction
equation with unbounded nonlinearity and reaction coefficient of arbitrary sign

8u_i

o ax(k(u)%j+v(u)g—z+ﬂx,t)u+f(X,t), (x,1) e Qx(0,T], (1)

where [v(u)| < ¢,, with the initial and boundary conditions

u(x, 0) =uo(x), xeQ,

u(0,8) =i (0), u(l,t) =pa(1), >0. @

In this paper, we assume that problem (1), (2) admits a unique classical solution. Furthermore,
the functions g(x, 7) and f(x, #) are assumed to be continuous in Q7. A characteristic feature of prob-
lems with unbounded nonlinearity is that the fundamental properties (positivity, boundedness, etc.) im-
posed on the nonlinear coefficient k() is required not for all values of the parameter u, but only within
the range of the exact solution D, or in a small neighborhood thereof [15]. In what follows, we assume
that the parabolicity condition for Eq. (1) is satisfied on the solution [2], namely,

0<ki <k(u)<k,, YueD,, 3)

where &, and k, are positive constants. Since the coefficient k(u) is smooth, it follows that there exits
a constant L such that |k'(u)| <L,VueD,.

Case of nonpositive reaction coefficients. Consider the case of g(x, ) < 0. The following continuous
two-sided estimates for the classical solution were rigorously established, together with an a priori
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estimate in the strong C-norm. These estimates are structurally analogous to the corresponding results
for the linear problem [3], thereby extending the known theory to the quasilinear setting.
Theorem 1. Let condition q(x, t) < 0 and condition (3) be satisfied. Then the classical solution
u(x, t) of problem (1), (2) satisfies the following two-sided estimates
my <u(x,t)<my, (x,1)€0r,
where m,, m, are constants defined by

m1=min{o, min {uo<x),u1(r),uz(t>}}+Tmin{o, min f(x,t)},
(x,1)e00r (

x,1)eQr

mz=maX{0, max {uo(X),ul(t),uz(t)}}+TmaX{O, max f(x,t)}-
(x,1)e00r (x.0)<Qr

Corollary. Let u be a classical solution of the problem (1), (2). Then the following estimate in
C-norm holds

”“”c@T) < max{””()”c@z) ) M1||C(0,T) ’ “2||C(0,T)} * T”f"C(QT) ’

where

, ”g”C(O,T) = max [g(1)].

”g”C(QT) = (xl??)ae%Jg(X, |, ”g”c@z) = rfcle%|g(x) 0.7]

Case of reaction coefficients of arbitrary sign. Let 7, < T'and O, = {(x,?) e Or : ¢ <t;}. Using the
technique from [1], we proved two-sided estimates for the exact solution of problem (1), (2).

Theorem?2. Let condition (3) be satisfied. Then for solution u(x, t) of problem (1), (2) at any point
(x,t )€ Qr the following two-sided estimates are valid

m3 <u(x, t)) <my, C))

where ms, m4 are constants defined by

. . . - . - 1 . -
ms3 = sup M mln{O, minug(x), min(u;(¢)e M), min(u,(¢)e M), min( f'(x, t)e M)},
A>ho (0,71 [0,11] [0.71] A—=Ao Ony

. _ _ 1 _
my = inf ™ max<0, maxug(x), max(p;(H)e ), max(u(H)e ), ———max(f(x, H)e )},
>0 [0,0] [0,11] [0,11] A=ho On
with Ly =maxq(x,t).
or

Nonstandard maximum principle for difference schemes in the canonical form. Let in the n-di-
mensional Euclidian space a finite number of points of the grid €, is given. To each point x € Q, we asso-
ciate one and only one stencil M(x) —a subset of Q,, containing this point. The set M'(x) = M(x)\ x
is called neighborhood of the point x. Let the functions A(x), B(x, &), F(x) be given atx € Q,, § € Q, and
they take real values. Next, to each point x € €, corresponds one and only one equation of the form [§]

AX)y(x)= Y BxyE)+F(x), xeQy, ®)
EeM'(x)

which is called the canonical form of the FDS. According to [8], the point x is called a boundary grid
node, if Dirichlet condition is posed

y(x)=px), xevy, ©6)

where v is the set of the boundary nodes, Q;, = Q) Uy. We will assume the fulfilment of the usual pos-
itivity conditions for the coefficients

A(x)>0, B(x,&)>0 forall &e M(x), )
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D) =Ax)- Y B(x8>0. ®)

EeM'(x)

L e m m a [12]. Assume that the positivity conditions (7), (8) are satisfied. Then the maximum and
minimum values of the solution of the FDS (5), (6) belong to the range of the input data

F(x;} < y(x) < max {max p(x), max F(x) } xeQy. ©)
x xey

min<{ min u(x), min
{ H( ) xeQ xeQy D(x)

xey h
Difference schemes and their properties. In the domain O we define the usual uniform grid in
space and time

B=0y X0y, Oy ={x;i=ih, i=0,N, IN=I}, ®j=0,U{xo=0, xy =1},

E)T={t,,=nr, n=0,Ng, TN =T}, (T)TZOJTU{I() =0}.

Applying the Samarskii regularization principle [8], for the numerical solution y(x, #) of the problem
(1), (2) we construct the FDS of second-order approximation with explicit approximation of the source
terms

ye=2()a()d5)x +b(1a TV (M)Ps +b”()a(y)Ps +dv+ o, (10)

1

y(X,O)Zuo(X), XE(T)}“ y6l+ 2“1(Zn+1), yXfH =H2(tn+1)s (11)

where

v | vi(y) - v ()
R(y)=05 -1 pr(y)=—2 b (y)=—22,
) 0 ) 0) 62) 0)

Vi) =050+ 20, v (1) =050 -pIP0, d=q(xita), 0= f(xi,t0).

1
%(y)—HR(y),

The functionals
a;(y) =0.5(k(yi)+k(y)), a“ V() =am(y)

are as usually chosen from the second-order approximation condition for the elliptic operator [8]
(a(u)ix)x —ﬁ(k(u)a—”j =0(h* +7).
Ox ox

Here and further we use the usual notations of the theory of FDSs [8; 9]
y=yl=yGutn), yi=(-»/t, y=yi",

gx=(gi—gia)/h, gx=(gim1—gi)/h, g+=gm=g(xix).

We show that the solution of the FDS (10), (11) remains within the value range of the exact solution,
ie., y,-”+1 e D, =[m3, m4] for all i=0,N and n=0, No —1.

We introduce an auxiliary grid function z; = y/ e M where ) is an arbitrary constant at this stage.
The function z(x, ?) satisfies the difference equation in the canonical form (5)

Clzi = Azl + Bl zf + Kz + 7", i=1,N -1,

n+l e*klnﬂ

0 1 -\t
zZj =ug;, 20 = N =e M

witp), zn wa(tpe),

where

Al =M af el =hb), B = alla el + b)),
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Cl=e™+ A" +B', K'=1+d!, F'= rfi"e_m".
The coefficients D;" are defined as follows:

DI'=Cl'-A"-BI'-K =" ~1-1d].

Note that the coefficient /' >0 for all t > 0 if ¢;:= min ¢(x,#)>0, or for 0 <t<-1/g,if ¢,<0,

(x,0)e0r

while the coefficient D;* >0 for A > L, with

To=20+ho) 7 <.
T
Let ®;,,, ={(x,t)e®: t<t,,1}. The following three cases are possible for the maximum value of
the function z(x, #) in the domain ®,,,, :
la) maxg, . z(x,?) is nonpositive (i. €., z(x, 1) € 0, (x,1) € ®y,,, );
2a) maxg, , z(x,?) is located on the base # = 0 or on the boundary, i. e.,

z(x,t) < max {max up(x), max (},tl(t)e_m), max (uz(z‘)e—M)}, (x, 1) €®y,5
[0,1]

stn+l s tn+l

3a) A positive maximum is attained at some interior point (x*, t*) € Wy, -

Similarly, there are three possible cases for the minimum value of the function z(x, #) in the domain
®,,;> as follows:

1b) ming, ., z(x,) is nonnegative (i. €., z(x, 1) 2 0, (x,1) € @, );

2b) ming, ., z(x,?) is located on the base # = 0 or on the boundary, i. e,

2(x,1)2 min{minw(x), min (uy()e”), min (m(t)e‘“)}, (%, 1) € B3
[0,7] [0,7+1] [0,7+1]
3b) A negative minimum is attained at some interior point (x=, fx) € @y, .
If the extremum of the function z(x, ) occurs in the first two cases, namely cases la)-2a) and 1b)-
2b), then it is straightforward to deduce that y,-"+l e D, since

min {0, minug(x), min (ul(t)e_m), min (uz(t)e_}‘t)} <z(x, 1)<
[0,7] [0,2n+1] [0,2+41]

sin+l

SmaX{O, r[r(l)axuo(X), max (u1(f)e”™), max (uz(t)e_m)}, (x,1) €Oy,

] [0,tn+1 Sin+l

which is equivalent to

m3 < sup e min{ 0, minug(x), min (w(t)e ™), min (ua(r)e ™)< y(x, 7)<
A>Xo 0,] stn+l s In+l

< inf M max{O, maxug(x), max (ul(t)e_}‘t), max (uz(t)e_m)} <my, [ <ty
AL [0,7] Jtn+l Jin+]

Next, by mathematical induction, we prove that if the extremum of the function z(x, 7) occurs in
the third case, namely cases 3a) and 3b), then we also obtain y,-”+l eD,.

Obviously, for n = 0 we have ylQ =ug,; € D, forall i = O,_N It follows that .AI-O >0, Bio >0, D,-O > 0.
Using Lemma on the base of the estimate (9) we get

0 Mo vy
Tfi e T (x, t)e T a
— 7 < max < max(f(x, t)e™),

—1-1q0 o e —1-1q(x,1) € —1—Thg o

z} < max
1<isN-le
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and

0 _—A\tg —\t
T . tf(x, t T
z} > min f’ > min /(% f)e > min (f(x, t)e” M),

1SiSN-1¢MF —]— Tq;  Otnsl eM—l—rq(x,t) e —1—1hg O

which lead to

At At
sup {L min (f(x, t)e” M)} < y,-1 < inf {kre—lmax(f(x e M)}.
e

A>ho —1—1hg Otns1 A>ko —1—1hg Ot
Since
T ol forall Ashg2T,. T30,
—1—‘57\.0 7\‘—7\,0

it follows that y} e D,, i. e., the assertion y}”l e D, holds for n = 0
Assume that, for any arbitrary k (k < n), the inclusion y,-k e D, is also true. We need prove that
y,~k+1 e D, is true. Indeed, from this assumption we have AF >0, BF >0, ¢F>0, and for all 7 < b

x =x; (i=0, N) the following two-sided estimates hold

At T —ht
- min(f(x,)e ™) < z(x, 1) £ m—————max(f(x,)e ). (12)
e —l—Tlo Ot e - —’t?uo Otf
If the extremum of z(x, 7) does not attains in the time level 7 = 7, then z(x, ) satisfies the inequality
(12), Wthh yields yf™ e D,. On the other hand, if the extremum of z(x, 7) attains in the time level
ts,t =tg4, then again according to Lemma with the help of the estimate (9) for all i =0, N, we obtain

2 <z(x )<

PUIE A
;:f(x e - < max rf(x He < ! max(f(x,)e™),
Tol-tg(x ) oun et —1-1q(x, 1) " —1—1hg o

and

kN —At -
o (x5, 1" )e T (x, t)e T
2> 2, £ > AL > min f( ) > min (f(x, H)e ),

M—l—rq(x*,tk) oy et —1— Tq(x, t) e —1—1hg Ok

which imply that

Mi+1

el Y kel _ Te vy
SUp 4 ————— min(f(x,t)e ") ;<y; " < inf k—max(f(x e "),
e e

A>ho 1—1hg o141 A>ho 1—1ho o

1. e, y,-kJrl e D,. Thus, the assertion y{”l e D, is proved for all n=0, Ny —1. Moreover, because posi-
tivity conditions for the coefficients (7), (8) are fulfilled, the difference scheme (10), (11) is monotone for
all values of # and for all t>0if g, >0, or for 0 <t<-1/¢, if g, <O0.

Consequently, we have proved the following theorem.

Theorem3. The FDS (10), (11) is unconditionally monotone, without any restrictions on the step
sizes T and h, and its solution y(x, f) remains within the value range D, of the exact solution. Further-
more, the following two-sided estimates hold at any grid point (x;,t,)€®:

m3 <m3 < y(x;,t,) <my <my, (13)

where m3 and mj are constants defined by

m% = sup eMn min{O, minugy(x), min (pl(t)e "), min (pz(t)e D, ﬁmin(f(x, t)e_“)},
[0,7] [o

A>h0 R Stn+l sin+1] e —1—TAy 9
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ml = inf ™ max{O, maxug(x), max (ul(t)e_m), max (Ua(t)e

A>Lo ,] »n+l Sn+l

) max(f(x, z)e‘“)},

T o 1—1hg o
with

In(1+ tA

%Slo-

Lo =

R e m ar k. The estimates obtained in (13) are fully consistent with the estimates (4) for the exact
solution of the differential problem (1), (2), and in this sense, one can say that the FDSs inherit
the properties of the differential problem.

Convergence in the grid L,-norm. In this section, we additionally assume that the exact solution of
problem (1), (2) is sufficiently smooth, namely, u(x,¢) e C 4.2 (Or). We use the energy inequality method
to obtain estimates of the error and convergence results of scheme (10), (11) in the discrete L,-norm. De-
fining the approximation error \y in the interior nodes as

VU =—uy + seu)a()iiz) y + b @)a™P Wiy + b~ w)a(u)iis + du + o,
the grid-function error z =y — u is the solution of the discrete problem
2= 2 ()@(y)Ex) ¢ + 2 (V)((@(y) - a())iie) x + (5e(y) = @) a@)iiz) s +b* (1)a™D (y)2, +
+b~(Ma(y)zz + (b (1a () =b" @a"P @i+ (b (y)a(y) -b~ (w)a))is +dz +,
with initial and boundary conditions

2(x,0)=0, xeop z2(0,0)=z(,0)=0, {ecw..

It is easy to see that \y = O(h2 + 1) in all the nodes. We now define the following inner products and
the corresponding norms

(u,v)= Y. hu(x)v(x), ||u|| =.(u,u),

XEO)

(w,v]= 3 o), [l l=(u ],

XEC\)h

where 0 =), U{l}.

The following assertion holds.

Theorem4. The solution of the FDS (10), (11) converges to the exact solution of differential
problem (1), (2), and the following estimate of the method accuracy holds

2] < c(r® + ),

C being a positive constant independent of the discretization parameters.
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