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Abstract. The exact description of tunneling is given for a smooth symmetric double barrier which is constructed with
the help of both parabolic and inverted parabolic potentials. The analytical expression for transmission coefficient is found.
The resonant tunneling condition is obtained. The dependence of transmission coefficient on incident particle energy is
presented for different values of double barrier parameters. It is established that the number of resonances increases with
growing the width of barriers and the distance between barriers. The continuous wave functions are expressed in terms of the
confluent hypergeometric functions. The real and imaginary components of wave functions are shown at the resonance values
of energy. The proposed smooth parabolic potential extends a very limited list of exactly solvable models that describe
tunneling through double barriers. The variable shape of the considered double barrier gives the supplementary possibilities
to simulate tunneling processes.
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Huemumym ¢usuxu um. b. 1. Cmenanosa Hayuonanvnou akademuu nayk benapycu, Munck, Pecnybnuka benapyco
TYHHEJWPOBAHUE YEPE3 I'TAIKMI TAPABOJIMYECKWI IBOTHON BAPBEP
(Ilpedcmasaeno unenom-xkoppecnonoenmom JI. M. Tomunvuurom)

AHHoTanms. /laHO TOYHOE ONMUCAHHE TYHHEIHWPOBAHUS JJIS TIAJAKOIO0 CHMMETPUYHOTO ABOWHOIO Oaphepa, KOTOPHIH
MOCTPOEH C MOMOIIBIO KaK MapaboNnyeckux, Tak U MEepPeBEpHYTHIX Mapabonndeckux noteHnuanos. Halineno anamutuye-
CKOe BBIpaxkeHHe st ko3 dunuenTa mpoxoxjaeHus. [lomyueHo ycinosue pe3oHaHcHOro TyHHenupoBaHus. IIpenctasnena
3aBUCHMOCTb KOI((PUINEHTA MPOXOKACHUS OT YHEPTUHU HANETAIONEeH YacTHIBI ISl PA3NUYHBIX 3HAUYCHUU TapaMeTpoB
JIBOWHOTO Oapbepa. YCTAaHOBIEHO, YTO YHCIIO PE30HAHCOB PACTET C YBEIMUCHHUEM IIMPHHBI OAPbEPOB M PACCTOSHUS MEKIY
6apbepamu. HempepsIBHBIE BOTHOBBIE (DyHKIIMH BBIPA’KCHBI Ye€Pe3 BBIPOXKICHHBIE TUNepreomeTpudeckue ¢pynkunu. IToxa-
3aHBI PeaJbHbIE U MHUMBIE COCTABISIOMINE BOJHOBBIX (DyHKIUII MPH PE30HAHCHBIX 3HA4YeHUAX dHepruu. IlpennoxeHHbIH
napabonnvecKnii MOTEHIIHAN PACIINPSIET BECbMa OrPaHHUCHHBIH epeyeHb TOUHO PEHIaeMbIX MOJeTel, KOTOPBIE ONHCHIBA-
10T TYHHEIUPOBaHKE uepe3 ABOitHbIe 6apbepsl. Bapeupyemas Gopma paccmaTprBaeMoro JBoiHOro 6apeepa AaeT JOMOIHU-
TEeNbHBIE BO3MOKHOCTH MOAETHPOBAHUS MTPOIECCOB TYHHETHPOBAHNUS.

KuroueBble cjioBa: TyHHETUPOBaHUE, NapaOdoTMIecKuil ABOIHON Oapbep, Ko3hGuuneHT npoxoKAeHUS

Juast uutupoBanus: bapan, A. B. TynHenupoBaHue yepes3 riiagkuii mapadonnyeckuii 1Boiinoit 6apsep / A. B. bapan,
B. B. Kynpsimmos / Jlokn. Han. akaza. mayk bemapycu. —2017. — T. 61, Ne 4. — C. 46-51.

Introduction. The first observation of the resonant tunneling in semiconductor geterostructures [1]
induced considerable interest to a wide variety of potentials which can simulate the double-barrier
physical structures. For instance, the rectangular [2], triangular [3] and trapezoidal [4] double-barrier
potentials were considered. These potentials are not smooth but allow the exact solutions of the
Schrodinger equation. The smooth potential was proposed in [5] using Gaussian functions, however this
potential does not permit exact analytical solution. The phenomenon of resonant tunneling was also
analyzed in the framework of model with the parabolic well between two rectangular barriers [6]. At
last, the double-barrier potential was composed with the help of two separated inverted parabolas in [7].
Note that the first derivatives of potentials in [6] and [7] are discontinuous. At the same time the smooth
single barrier was constructed in [8] using both parabolas and inverted parabolas. It is not hard to
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perform transition from the single barrier to the double barrier by means of the simple duplication of the

potential profile proposed in [§].
The new symmetric potential function is of the form
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Here 0< g <1, k>0, 2¢q¢ is the width of each barrier and 2kq is the distance between barriers. The
second derivative of the function (1) is discontinuous at the points F(2+k)go, F(1+g+k)qo,
F(1—-g+k)qo and Fkqo. However, both the function (1) and its first derivative are continuous. The
presence of a varied parameter g allows to change a shape of double-barrier potential in the wide range.

Analytical description of tunneling. We are interesting in solving the Schrodinger equation

2m dg 2
where V' (g) takes the form (1). It is convenient to introduce dimensionless quantities
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The transformed Schrodinger equation is given as
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Fig. 1. The scaled potential v(x) for different values of g
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The shape of v(x) is shown in fig. 1 for different values of g when x¢o =2 and £ =1. Here and in
subsequent figures we use dotted lines for g = 0.1, solid lines for g = 0.5 and dashed lines for g =0.9.

The simplicity of the considered potential (3) permits to find the exact solutions of Eq. (2) in nine
regions. The wave function is represented in the following way

exp(in/e x) + 4; exp(—irJe x), x < —(2+k)xo,
Ay ya(z5" )+ A3 yo(z57),  —(2+k)xo <x<—(1+g+k)xo,
Ay yea(z8)+ As yea(z2),  —(1+ g +k)xo <x<—~(1—g+k)xo,
As ys1(z5) + A7 ysa(z5), —(I1-g+k)xo <x<—kxo,
W(x) =1 Ag cos(ve x)+ Ag sin(x/e x), —lexg < x < ko,
Aro ysi1(zs) + A1 ys2(zs ), kxo <x <(1-g+k)xo,
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Aia ysi(zs )+ Ais ysa(zs), (I+g+k)xo <x<(2+k)xo,
Ay exp(in/ex), (2+k)xo < x.

There are the incident and reflected waves in the region x < —(2 + k)x( and there is the transmitted wave
in the region x> (2+k)xg. It is not hard to show that the particular solutions in the regions
kxg <| x| <(2+k)xg are expressed in terms of the confluent hypergeometric functions [9]. In the regions
A+ g+k)xo <|x|<(2+k)xgand kxg <|x|<(1— g+ k)xp, the explicit solutions are given by formulas
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In the regions (1— g + k)x¢ <| x| < (1+ g + k)xo, we have the following solutions
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It should be stressed that these solutions are real.

Applying the continuity conditions on the wave function and its first derivative at eight points
F2+k)xo, FA+ g +k)xo, F(1— g + k)xo and Fkx(, one can get the system of sixteen algebraic equations
for sixteen coefficients 4;. It is easily to solve this system but the solutions are very cumbersome.
Therefore we represent only one coefficient
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where we use notations
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The square of the absolute value of 4j¢ is the transmission coefficient 7" for the proposed double-
barrier potential (1). The final exact expression is
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It should be noted that the resonant tunneling (7' = 1) is realized at selected values of e which are the
solutions of equation d(e) =0.
Graphic presentation of results. The dependence of the transmission coefficient 7 on a scaled
energy e is given in figures 2—4 for different values of the barrier parameters xg, £ and g. It is seen that
the number of resonances increases with the growth of x, and &. The resonant energies shift toward the

higher values if g grows.
At last, the real (solid lines) and the imaginary (dashed lines) components of the wave functions are
represented in fig. 5 at two resonant values of energy for x, =2,k =1and g =0.5.
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Fig. 2. Dependence of Ton e at k= 0: a — for x, =2, b — for x, = 4
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Fig. 3. Dependence of Ton e at k= 1: a — forx, =2, b — for x, = 4
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Fig. 5. Wave function for x; =2, k=1 and g = 0.5: @ — for e = 0.159361, b — for e = 0.599483

Conclusion. The proposed smooth parabolic potential extends a very limited list of exactly solvable
models that describe tunneling through double barriers. The variable shape of considered barrier gives
the supplementary possibilities to simulate the tunneling processes. In addition to the symmetric
potential examined in the present paper it is desirable to consider more complicated asymmetric smooth
parabolic potential which will allow to find the exact solution too.
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