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bunbOunb Y:kan, SAn Ysusb, U. I1. MapTbiHOB

T'poonenckuil cocyoapcmeennulii ynusepcumem umenu Anxku Kynanwi, I poono, Pecnybonuxa Berapyco

O PAIIMOHAJIBHBIX PEHIEHUSX IBYX JUO®PEPEHIIUAJIBHBIX YPABHEHUM
C IOJIBUKHOM OCOBOM JINHUEM

(Ilpedcmasneno axademuxom H. A. H30606bim)

AnHoTanus. Pabora mocesieHa aHaTNTHIECKOH TeOpuH 0OBIKHOBEHHBIX JU(depeHnanbHbIX ypaBHeHnH. O0BeKTOM
HCCIICIOBAHUS SABIISIOTCS HEIMHEHHbBIE aBTOHOMHBIE AU (epeHIINaIbHbIe yPAaBHEHUS TPETHETO MOPSIKA C MOABHIKHOM 0CO-
0ot TuHUeH. M3BeCTHBI IByXITapaMeTpUIecKUe palliOHAbHBIC PEIICHHS 9TUX ypaBHEeHU . Llens nccnenoBaHus — BRIICHUTH
BOIPOC, KaK M3 OOMINX peIIeHUI ypaBHEHUH ¢ MOABMKHOI 0c000il THHHUEH MOMyYHTh ABYXIAapaMETPHUECKHUE PAIlHOHAb-
HbIe penreHus. B ananntuaeckoit Teopun audpepeHnranbHbIX ypaBHEHUH, Kak IPaBHII0, HeTHHEHHbIE AU depeHnnaabHbIe
ypaBHEHHUS UMEIOT OTPUIATENbHbIe pe30HaHChl. Cpeln 3TUX PE30HAHCOB 00A3aTeNbHO COAEPKHUTCS PE30HAHC, PaBHBIN —1
(TpuBHanbHBIN cayyaif). [Ipn sToM B paboTax HEKOTOPHIX aBTOPOB YTBEPXKAAETCS, UTO MPUPOJA HETPHUBHAIBHBIX OTpPHUIIA-
TEJIbHBIX PE30HAHCOB JI0 HACTOALIETO BpeMeHHU He MoHsATa. [IpeacTaBnsioT MHTepec ypaBHEHUs, PELIEHUs] KOTOPbIX UMEIOT
TOJIBKO HETPHUBHAJIbHbIE OTpULIATENbHbIE pe30HaHChl. OKa3bIBAaeTCs, YTO MO OTPHULATEIBHBIM PE30HAHCAM MOXKHO CTPOUTH
paLOHAJIbHBIC PEIICHUS pACCMaTPUBAEMbIX YpaBHEeHUH. B naHHOl paboTe ykazaHO HEOOXOIMMOE U JOCTATOYHOE YCIOBHE,
MIPH KOTOPOM JIBYXIIapaMeTPHUYECKOE PallMOHAIBHOE PEIIeHe YPAaBHEHUS C TOBHIKHONW 0C000H JTHHHEH MOXKHO MOIYYHTh
U3 €ro oOLIEro pereHus.

KuaroueBsle ciioBa: nupdepeHnraIbHoe ypaBHEeHHE, TOABIKHASL 0cobasi THHHS, o0lIee pelleHne, pallHoHATIbHOE pe-
mreHue, psx Jlopana, abcoTIOTHAS CXOMUMOCTD, PE30HAHCHI

Jas uutupoBanus. buns6une, Ykan. O pannoHaNbHBIX PENICHUAX ABYX TU((epeHINaNbHBIX YPABHEHUH C OABHK-
HoU oco0Ooit nuHuelt / buasOuns Ysxan, SH Usne, U. [1. Mapteiaos // ok Ham. akazn. Hayk bemapycu. —2019. — T. 63, Ne 2. —
C. 150-156. https://doi.org/10.29235/1561-8323-2019-63-2-150-156
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ON RATIONAL SOLUTIONS OF TWO DIFFERENTIAL EQUATIONS WITH A MOVING SINGULAR LINE

(Communicated by Academician Nilolai A. Izobov)

Abstract. The study is devoted to the analytical theory of ordinary differential equations. In the introduction, it is said
that the object of investigation is nonlinear third-order autonomous differential equations with a moving singular line, and
whose two-parameter rational solutions are known. The study aims to clarify how to obtain two-parameter rational solutions
from the general solutions of these equations. In the analytical theory of differential equations, as a rule, nonlinear differential
equations have negative resonances. Among these resonances is the resonance equal to —1 (trivial case). However, it is asserted
in some of the researchers’ papers that the nature of these negative resonances has not been found until now. The equations
only with non-trivial negative resonance arose the interest of researchers. And it appears that the rational solutions of
the equations can be constructed by their negative resonances. In this paper, a necessary and sufficient condition is indicated,
at which the two-parameter rational solution of the equation with a moving singular line can be obtained from its general
solution.
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n
rie P — MOIMHOM 110 y( )y Y, UMeeT pelieHue, mpeactTaBumMoe psaom Jlopana

y=ho(z—z0) " +...4+h(z—2z9) " +...,5€Z, )
T0 perrenuto (1) OymemM conocTaBIsaTh HAOOP

(Saho;rlar2a"':rl’l)' (2)

Yucna n,rs,..., 7, Ha3bIBalOT pe3oHancamu [1]. J{ns oqHo3HauHOCTH pemienus (1) B 00IacTH ero
orpezeneHus cornacHo [1-4] HeoOXoarMMo, YTOOBI pe30HaHCH 7, k =1,2, ..., n, ObUIH IENBIMU U pa3-
JIMYHBIMU, IPUYEM OJUH U3 HUX paBeH —1 [2].

Crnenys [4], oTpHumarenbHbIe PE30HAHCHI, OTIMYHBIE OT —l, Oy/JeM Ha3bIBaTh HETPHUBHUAJIHHBIMH.
[IpencTaBisioT MHTEpPEC YpaBHEHUS, PEIICHNSIM KOTOPBIX OTBeYaloT HAOOPHI BUAA (2) ¢ HETPUBHAIH-
HBIMH OTPHUIIATEILHBEIMA pe3oHaHcaMu [4—7].

PaccmotpuM nBa guddepeHnaibHbIX YPAaBHEHUS C MTOABMXKHON 0c000# uHueit u3s [8] u [9] coor-
BETCTBEHHO

ym :12yyﬂ_18(y!)2’ (3)
” "2

x"= (= 2x)” , 2)0; ) +4xx" —2(x")>.
X-x @

Pemenuro ypaBuenus (3) orBeyaet Hadop Buaa (2) (1,—1;—1,—-2,-3).
B [8] mpuBeneHo nByXmapaMeTprUiecKoe pariioHalbHOE peleHne ypaBHeHus (3)

y=—— ot wsbec )

z—2z] (Z—Zl)

Jlerko mpoBepuTh, 4TO (4) TaKKe UMEET ABYXIapaMeTPUUECKOE PalliOHATIBHOE PEellIeHNe

1 a

X=-

5 Vzi,aeC. ©6)

z-zy (z—z1)
B [10] monyueno npeobpa3oBanue baknynaa mexxay ypaBHeHusIMH (3) 1 (4)

"_19 3 1
6y=%, x*=3x2y+3x —=)"=0. 7
x' —x 2
®opmynbl (7) TOKAa3bIBAIOT, YTO MEXKY PallMOHATBEHBIME perreHusMu (5) u (6) ypaBHenuii (3) u (4)
UMEET MECTO COOTBETCTBHE, €CIIH

a=3b. ®)

OO0mue penreHus ypaBHeHUH (3) U (4) B MPOKOJIOTON OKPECTHOCTH OECKOHEYHO YAAJICHHOW TOYKH

o

V' (00) MOKHO mpencTaBuTh psiaamu Jlopana Tak:

1= b
y=- -2 , Vbo,b1,b; €C, ©)
zZ—2 k:O(Z_ZO)k+2
1 i a
xX=- - k > Vao,ai,ay eC. (10)

z—=z0 k=0(z—2z0)

B nannoit pabote pemum 3amavdy: HAUTH yCIOBHUS, MPU KOTOPBIX U3 o0mux pemwenuii (9) u (10)
nuddepeHInanbHbIX ypaBHeHHH (3) U (4), HMEIOLIUX HOOGUNCHYIO 0COOYIO TUHUIO, TIOYYaIOTCS IBY X-
napaMeTpudecKue parmoHalibHbIe pemeHus (5) u (6) COOTBETCTBEHHO.
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OcHoBublie pe3yiabratsl. [logcrasnss psag (9) B (3), 11t ko3 UITHMEHTOB by MOTYUYUM PEKYPPEHT-
Hyto Gopmyiy
6

k(T Z (m+2)(5m =3k)bbi_m, k=2,3,. (1D

bk+1

rne bg,by,by — TPOU3BONIBHBIEC KOMILJICKCHBIE TIOCTOSIHHBIE.
2
p 14
ITycTb |b0|S—, |b1|S—, p,.geR, p>0, ¢g>0.
q q
JTewmwma l. Cywecmsyrom maxue nonodxcumenvHvle 0CUCmMEUmMebHble YUCId P U ¢, 4mo eciu

+1 k+2
|bm|£pm , 0Sm£k,m0’bk+1|ﬁp

B camowm nene, u3 (11) nomyuum

6
|bra| < Py E(m+2)(5m+3k)|b mbk—m| <
k+2 k k+2 k+2

<O S a2 sme3k =L DRIl P
k(k* =1)g* mzo g (k-1g ¢
Hl(i“)” e (qg=19k>q+71, k=2,3,.

MoxHo B35Th ¢ > 120, TOT/1a 3TO HEPABEHCTBO BBHITIOIHEHO.
BrIBOI: CyIIIECTBYIOT MOJIOKHUTENbHbIE IEHCTBUTENBHBIE YNCHA p, ¢ TAKHE, UTO

n+l

|b,,| <P s Vne NU{0}. (12)

m<1, m. e. €CJlu|Z_ZO|>pa p>0.
— 2

k+2
1 1 &
Z—=20 Pqgr=0\Z—20

¢ yuetom ycioBus (12) Oynet MaxxopaHTHBIM AJ1st (9).
[IycTs B paznoxenuu (9) Oynet

CnenctBue. P (9) cxooumcs abconomno, eciu
B camowm nerne, psan

=(1-8%)by?, by =(1-8)*(28+1)by*, 8eC.
Jlewmwm a2. Ecau 6 paznoxcenuu (9) 6yoem

=(1-8)"(m8+1)by"™", 0<m<k,
TO
brs = (1= 8 ((k +1)8 + )by 2.

HoxaszarenscTso. U3 (11) Oynem umeTh

z (m+2)(5m =3k)(1-8) by "2 (m& + 1)((k — m)8 +1) =

bk+1=T
k(k” —1) m=0

6(1—38) bok+? & ,
szo( m(k —m)(Sm* + (10 = 3k)m — 6k)8* + (k& +1)(5m> + (10— 3k)m — 6k)) =
_ (I—S)kb0k+2

p ((1=k>)8% + (k=15 +1)=1=8)"((k + 1) +1)by 2.
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BBIBO,Z[Z COTJIaCHO METOY MaTeMaTUYCCKOM WHAYKIWU 3aKJII0YacM, 4TO

HNmeeT MecTo

by =(1-8)"(nd+1)by"™, Vne NU{0}.

(13)

Teopewma l. Ymobdwvl nonyuums payuonanvroe peuterue () uz oowezo peutenus (9) ypasuenus (3),
HeobxX00uMo u 00cmamoyro kosgpguyuenmot by,by,by noduunums yciosuio

(by = 3boby +2by>)? =4(bo* —by)°.

(14)
HoxaszarenscTso. [lycrs by # 0. KoaddunreHntsl by u by CBSIKEM yCI0BUEM
b =(1-8%)by?, 8eC.
Toraa u3 (14) monyuum by = (1— 8)2(28 + 1)b03. B stom ciydae o temme 2 Oyaem umets (13).
ITonoxum by =b+c¢, 8= e Torna u3 (13) Hafimem
b = (k+1bc* + 1, vk e NU{0}. (15)

Ioncrarnss (15) B paznoxennn (9) u cunras |z - zo| > |c

, IOJTy4YUuM

_ 1 x (k+1)bck + Kt _ 1 c & c k b & ek
et et ) | -
Z=z20 k=0 (z—z0) z=20 (z—2z0)" k=0\Z~Z0 k=0\ (z —20)

1 1 ® k '
- N : 2 +b Zc—kﬂ -
Z=20 (z-z0)" ¢ \k=0(z-20)
Z—Z
k’
_ c vh 1 5 c __ 1 b 1 1 _
z—zy (z—zo)z—z¢p—c) Z—20 h=0\ Z— Z0 zZ—zg—C Z-20 §_ c
Z—Z
1 b )1 b1 b
BT Bl B 2 2°
z—zg—C z—zp—C z—zp—C (z—zp—c) z—z1 (z—21)
TIe z1 =zgp +¢.

Eciu by =0, To monaras by = —c2, u3 (14) nonyuum by = -2¢°. Ucnonesys (11), Haitnem by =—kc
Torna

k+1
1 +§ ke*H 1 L ® ke*
y:— = — =
Z—2Z k:()(Z—ZO)k+2 zZ—2Z9 Z_ZOk=O(Z_ZO)k+1
' k !
B 1 c i ok B 1 c i( c J B
Z—20 Z—Z0 k=0 (Z—Zo)k z—2z9 z—2zo|r=0\Z— 2o
!
!
B 1 c 1 _ 1 c z—2zp _
Z=Z0 Z—Zo|q_ c zZ—zZy Z—zZo\Z—zp—¢C
Z—Z
1 c? z—zp—C)—cC 1 c
__ N 2:_( 0=0)—=c_ N
z—z0 (z—zo)Nz—2z9—c)

(z-z9-c¢)°
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1 c
c=-b, z1 =z¢ +c.

y=- + s
zZ—C (2—21)2

C npyro#i CTOpPOHBI, Monaras z; = zg + ¢, u3 (5) mory4um

1 b _ 1 b
. N2 N 2
27707 (2-20-0) (z—zO>[l—Z_CZOj (z_z())z(l_ ¢ j

zZ—2Z
k 0\ 2
1 X C b 0 c
- Z_ZOIEO(Z_ZOJ (2—20)2[50(2—2()} J B

R b & (k+D)c*
T Kl 2 K
Z=20 k=1(z—z29) (z—20)" k=0(z—2z0)

R - R () A DS !
Z—Z) k=0 (Z—Z())k+2 zZ—2z k:O(Z—Z())lH—Z’

b = (k +Dbc* + 1, Yk e NU{0}.

Buauut, by =b+c, by =2bc+ cz, by = 3bc? +¢3. Vekmouast b u ¢ u3 THX COOTHOITICHUH, TIOJTY-
qum (14).

Teopema 1 nokazana.

Jle M ™ a 3. Pewenus y u x ypasnenuii (3) u (4) cesazanvt coomuoutenuem

x'+3y =6xy—2x> (16)

JoxaszaTrenscTBo. Ucnons3ys nepBoe cooTHomeHue u3 (7), ¢ yaetoMm (4) Hailaem

"_2 ' 4 2 17_4 "2
6y'=(—x xzx +2xj P s A (;C) =
x'—x x'—x

)C”—2)C3 ) )
=2x'+2x'—2—4(x'+x )=-2x"+12xy —4x",
x'—x

oTkyna cienyet (16).
[oacrasnsis (9) u (10) B paBerctBo (16), momyunM cBsI3b MEXAY KOIPDUIUESHTAMU dy U by :

2 k
Ayl +3bj ) =—— 3by, —Qm) Qj—mm» 17
k+1 k+1 k+1mZ::0( ) k ( )

k=0,12,..., npuuem Vao, by.

[ycTb ag = a + c. YuursiBas (8) u (15), uz (17) nonyuum a; = 6bc + 2.

JJemwmad Ecau 6 (10) cuumamo

am =3(m+1Dbe™ +c"™, m=0,k,

a1 =3(k +2)be*H 4 K2,
JoxkaszaTtenbcTBo. Tak kak

3By — am =3(m+Dbe™ + ™) = B(m+Dbe™ + ™y =2"1,
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TO

k
Aps1 =—3bis 4 > Bk —m+1)be ! + 52y =
k+1,5

12b0k+1 k f+2
Y (k-m+1)+4c" =

=3k +2)bc* =352 4
k+1 m=0

= k2 _3(k 4+ 2)be k! 1126 % = 3(k + 2)be 4 ¢F*? = (k +2)ack*! 4 K42,

BBIBOJI: COTIIACHO METOY MaTEMaTHUECKOW HHAYKIMHU 3aKJII0YaeM, UTO
ay =(n+Dac" +c™, Yne NU{0}. (18)

Teopewma?2. Ymobwvl nonyyums payuonaivroe peuterue (6) ypasrenus (4) us oowezo pewenus (10),
HeobX00UuUMO U 00CMAMOYHO KOIDGuyuenmsi dg,d|,d, NOOYUHUMD YCIOBUIO

(az —3aoar +2ag>)* =4ao” —ar)’. (19)

JJoka3zaTenbcTB O TEOPEMBI 2 aHAJIOTUYHO JI0KA3aTEIbCTBY TEOPEMEBI 1, €CIIN YUECTh BUJ
dopmyn (15) u (18), a Taxxke (14) u (19).
3ameuaHue. [lpu dokazamenvcmee aemm 2 u 4 ObLIU UCHONIL308AHBL POPMY b

k k

S o= REED s ek,

m=1 2 m=1 6
k k
> m? =%k2(k+1)2, > mt :%k(k+l)(2k+1)(3k2 +3k—1).
m=1 m=1

3akaiouenue. B pabote mirst muddepeHInaIbHbIX YPaBHEHUN C n008udicHol ocodou aunuetl (3) u (4)
HailieHbl HEOOXOMMBIE U JJOCTATOUHbIE YCIIOBH S, TP KOTOPBIX U3 OOLINX peLIeHU, IpeacTaBICHHbBIX
a0COJTIOTHO CXOASTITMMHUCS B IIPOKOJIOTOH OKPECTHOCTH OSCKOHETHO yaajaeHHOH Touku pssaamu (9) u (10),
MOy Y€HBI PAIlMOHAIIBHBIE PEIIEHUsI COOTBETCTBEHHO (5) 1 (6). DT ycinoBus AaHb TeopemMamu 1 u 2.
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