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Abstract. The wave equation for a spin 3/2 particle, described by 16-component vector-bispinor, is investigated in spher-
ical coordinates. In the frame of the Pauli—Fierz approach, the complete equation is split into the main equation and two addi-
tional constraints, algebraic and differential. The solutions are constructed, on which 4 operators are diagonalized: energy,
square and third projection of the total angular momentum, and spatial reflection, these correspond to quantum numbers
{e, j,m, P}. After separating the variables, we have derived the radial system of 8 first-order equations and 4 additional con-
straints. Solutions of the radial equations are constructed as linear combinations of the Bessel functions. With the use of the
known properties of the Bessel functions, the system of differential equations is transformed to the form of purely algebraic
equations with respect to three quantities ay, as, a3. Its solutions may be chosen in various ways by solving the simple linear
equation Aja) + Aa, + Asaz =0, where the coefficients 4; are expressed trough the quantum numbers ¢, j. Two most simple
and symmetric solutions have been chosen. Thus, at fixed quantum numbers {g, j, m, P} there exists double-degeneration
of the quantum states.
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COEPUYECKHUE PEHIEHUS YPABHEHUSA NJA YACTULBI CO CIIMHOM 3/2

(Ilpedcmasaeno unenom-koppecnonoenmom J1. M. Tomunvuuxom)

AnHoTanms. BorHOBOe ypaBHEHHE JIJIs1 YaCTHIIBI CO CIIMHOM 3/2, onuchbiBaeMOt 16-KOMIIOHEHTHBIM BEKTOP-OMCIIHO-
poM, nccienoBaHoO B cepHuecKkoil cucteMme KoopauHat. B pamkax moaxoxa Ilaynm—®upna ypaBHeHHe pazOuBaeTcsi Ha
OCHOBHOE M JIBa JIONOJHUTENBHBIX, anredopandeckoe U quddepennuansaoe. CTposTcs penieHus, Ha KOTOPBIX AHaroHaln-
3UPYIOTCS YETHIPE OIepaTopa: IHEPr Uy, KBaApaTa U TPEThel MPOESKIMH ITOJTHOI0 MOMEHTA, IIPOCTPAHCTBEHHOT'O OTPAKEHUS,
UM COOTBETCTBYIOT KBAHTOBbIC 4HCNa {g, j, m, P}. Tlocne mpoBeaeHHs pas/eieHHs IEPEMEHHbBIX BBIBEJACHA OCHOBHAS
cCHCTeMa U3 § 3aleNIMIOMNXCS paguanbHbeIX Tu(depeHHanbHbIX ypaBHEHUH 1-r0 mopsiaka u 4 ycioBus cBa3u: 2 anredpan-
yeckux U 2 nuddepennnanbHeix. OCHOBHAS CHCTEMa IPUBOIUTCS K BUAY 4 pa3/IebHBIX YPaBHEHHH 2-T'0 TIOPSIAKA, PEIICHUS
KOTOPBIX cTposiTes B pyHKIusAx beccens. C ucnonp3oBanueM cBOHCTB GyHKIUI beccemns Bes cuctemMa paguanbHBIX ypaB-
HEHHH U1l 4aCTHUIIBI CO CIMHOM 3/2 IpUBECHA K OHOMY aJIreOpanvdeckoMy JIMHEHHOMY ypaBHEHUIO Aja; + Ara, + Azaz =0
OTHOCHTEJIBHO BEJINYUH a1, A2, A3, B KOTOPOM KO3 (GUIMEHTHI 4; BBIPAXKAIOTCs Yepe3 KBAaHTOBbIC YUCIA €, j. BoIOpaHbl Hau-
0oJiee CUMMETPHYHBIC PELICHH S, KOTOPBIE OIPEIEISAIOT 1BA PELICHUs IPU (QUKCHPOBAHHBIX KBAHTOBBIX YNCIAX {€, j, m, P}.

KuiroueBble ci1oBa: qacTuia co CiuHOM 3/2, cTerneHu CBO0O/IbI, cheprueckast CAMMETPHSI, TOUHBIE pelieHus, QyHKIUH
beccens, BBIPOXKI€HUE KBAHTOBBIX COCTOSHUI

Jas uurupoBanusi. Chepuueckue peuieHus ypaBHEHUs Ul YacTHLbI co cnuHom 3/2 / A. B. Usamkesuu [u ap.] //
Joxu. Har. akan. Hayk benapycun. —2019. — T. 63, Ne 3. — C. 282-290. https://doi.org/10.29235/1561-8323-2019-63-3-282-290
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The basic wave equation and spherical symmetry. The theory of spin 3/2 particle is attracted
steady interest after the seminal investigation by Pauli and Fierz — see [1-15]. Let us recall the most sig-
nificant aspect of spin 3/2 particle theory. First of all, it is the problem of choosing an initial system
of equations. The most consistent is an approach based on Lagrangian formalism and a correct first or-
der equation for multi-component wave function which are based on the general theory of 1st order rela-
tivistic wave equations. However investigations are based on the use of 2nd order equations. Such
a choice is of prime importance when we take into account the presence of external electromagnetic (or
gravitational) fields. Applying the first order approach ensures correct solving the problem of indepen-
dent degrees of freedom in presence of external fields; for instance see in [16]. The great attention was
given to existence in this theory of solutions which correspond to a particle moving with velocity greater
than the light velocity. Finally a separate interest has a massless case for spin 3/2 field, when — as shown
by Pauli and Fierz — there exists specific gauge symmetry: the 4-gradient of arbitrary bispinor function
provides us with solution for the massless field equation, for instance, see in [16].

In the present paper we examine the problem of degree of freedom for a massive spin 3/2 particle
specified for solutions with spherical symmetry. For simplicity we restrict ourselves to Minkowski
space-time model. The wave equation for such a particle in absence of external fields may be presented
as a set of a main equation and two additional constraints (we assume the use of the tetrad formalism,
see [16])

[PV +Tp(x) = m ] ¥ o (x) =0,
1*N)¥a(x)=0, (Vo +Ta(x)P*(x)=0, @
the wave function W 4 (x) behaves as a bispinor with respect to tetrad transformations, and as a generally
covariant vector with respect to coordinate transformations; we use the notations [16]:
a,b
m =%, PP =el, (v, Tpx) =%(c“b)k’ el (Vaeqpp), 2%

Below, it will be convenient to use the wave function with tetrad-vector index, ¥, (x), it relates to the
previous function ¥, (x) in accordance with the rule

W (x)=ef) (OWp(x), Ppx)=e () (x).

b.a

Correspondingly, the system of equations (1) takes the form (for shortness, in the main equation we
omit vector indices in the wave function)

[i7* ()00 + Ba(x)) —m]¥(x) =0,

Y (x)=0, [eD%0q +eD(x)+e D" (X)T (x)]¥(x) =0, )
where

. 1 .
G =87 8" =8g ", La(®)=2(") el (Vueap)

JP =6 QI+1® j, By(x)=Tq(x)®I+1® Lq(x).
We will specify equations (2) in spherical coordinates
x4 =(t,r0,0), dS?=dt*—dr*—r?(d0? +sin’0dd?),
the main equation takes the form
er1 ®T2—y2®T!

r

{iyoao +iy%0, +%Ze,¢—m}‘1’(h r,0,9)=0,

where the angular operator Zg 4 is determined by the formula

200y +(ic? @I +1®ij'*)cosd

sin©

Tog =070 +Y
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Searching solutions in the form of spherical waves, we are to diagonalize operators of the square and
third projection of the total angular momentum. In Cartesian basis, the components of the total angular
momentum are defined as follows

0

Ti

b

1 0
S; ==, ®@I+1®T;, T;=
2 0

where symbol ® stands for a direct product of the matrices. Operators J; in spherical tetrad basis are
given by the formulas [17]

Jr=1l +S3Cf)—s¢, J3=1 =—ii.
sin6

gy

The components of the wave function may be listed with the help of bispinor index 4 and 4-vector index (/):

Ji=1 +S3S%L¢,
sin®

It is convenient to use so called cyclic basis in which the generator ij 12 becomes diagonal. The need-
ed transformation ¥ =UY is given by the formulas

Po| 10 0 wel [wol [t © 0o 0 [|¥o
Pl [0 -1/42 N2 0Py (Yol [0 -1/V2 0 142 P
Pl 00 0 ¥ [Yo| |0 -i/v2 0 -i/2|[Fe)|
Pl 0 +1/42 N2 ofYel [Fol o 0o 1 0 |gg
In cyclic basis we have the diagonal form for S:
+1 0 0 O 0 0 0 O
. 110 -1 0 0 0 41 0 O
S3=— RI+I® .
210 0 +1 0 0 0 0 O
0 0 0 -1 0 0 0 -1

In cyclic basis, the above equations (2) read

[iy* ()0 +To(x)®IT+I® [ (x))—m]¥ =0,
V() =y (U (x) =0,

eV (1)0 + e (x) + eV (T o (NI ™)1 ¥ (1) = 0.

In cyclic basis the main equation takes the form (let ¥ = l(i))
r

1o~ 2 o
RT,—7" ® ~
y08+iy3ar+y Iy T1+lig¢_m O(r,0,¢)=0,
r ro

- ) i0y +i§,cos0
29,¢:lYlae +Y2¢.—3-
sin®
Separating the variables. The general substitution for spherical solutions with quantum numbers
J,m has the structure (for more details see [17])
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= /o 87 D_yj2 + f1 81 D_yjp + f> 87 D_yjp + f3 8} Dy

l b
208) Dyijp+ g1 8] D_ya + 2287 Dyyja + 23 87 Dispa

we take into account that vector-bispinor consists of two vector-spinors, é » M;» the second vector-spinor
7, has the similar structure but with other radial functions

firy=hi(r),  gi(r)=vi(r).

Symbol D, stands for Wigner D-functions: Dg = Dfm’c, (4,6,0), o=-3/2,-1/2,+1/2,+3/2. Diag-
onalization of the spatial reflection operator leads to additional restrictions

vo =98 fo, Vi=98/3, v2 =98 f2, v3=0fi,
ho=0go0, h =38g3, hy =822, h3=38g,
where 6 = +1 corresponds to the parity P = (—l)j and d=-1 corresponds to P =(—1).
After rather laborious calculation on separating the variables, we arrive at 8 first-order equations for

states with parity (—1)’ +,

(S—i%)go =(m+i%jf0, (8+i%)fo =(m—i%)go,

.d b d b
(s—z—jg3—z—f3=mf1, (s+z—jf1+z—g1=mg3,
dr r dr r
d 2 b d N
(8+l—jf3 ti—got+i—g3=mgi, (8—1—)%’1 —i— fr—i—fi=mf3,
dr r r dr r r

(s—iijgz =+i£f3 +(m+igjfz, (8+iijf2 =—i£g1 +(Wl—i£jgz; A3)
dr r r dr r r

where a=j+1/2,b =\/(j—1/2)(j+3/2),j=1/2,3/2, 5/2,..;; to obtain similar equations for states

with parity (~1)” it suffices to make formal change m to —m.
The above additional constraints lead to equations (they are the same for both values of parity)

g1 =%(f2 +fo) f3 =%(g2 -g0);

—igfy —(%wL%jfz =ﬁ(g1 +b fi+af3),

d 1 1
—iggo—| —+— g2 =—=—(f3+bgz+ag).
&0 (dr rjgz \/5 r (/3 &3 &)

Equations for functions fy, g¢. First we are to solve equations for functions fy, g¢ (see two first
equations in (3)). Summing and subtracting these two equations

(is+%)go=(im—%jfo, (is—%jfoz(im+%jgo, “)

(i+£jF0=i(g+m)G0, (i—ng():i(S—m)Fo,
dr r dr r

we produce

where the notations Fy = fo + g0, Go = fo — go are used. From (4), we derive two 2nd order equations
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2 2
[d——qusz —mz]Fo =0, l=a;

dr2 V2
d? (a-Da D) 2 '
_2_ 5 +&°—m GOZO’ I'=a-1. (5)
dr r

In the variable x =+/¢? — m?r they read

2 2 1er
(d +1—Z(Z+l)jF0(x):O, (d +1—l(l+1)]GO(x):0.

dx? x? dx? x?

Let it be
Fo(x)=ao\x Z;(x), Go(x)=box Zp(x),

then egs. (5) give

2
Zl+lz'l+l—w21:0, [+1/2=j+1=p,
X X
1 ~1/2)?
Z,+—z',r+1—%z,':o, I'+1/2=j=p—1.
X X

They have the Bessel’s form

2
Z”+lZ'+[1—p—2]Z=O.
X X

Thus, functions Fjy and G relate to Bessel functions.
The first-order equations (4) for functions Fy, Gy, after transforming them to the variable x will
take the form

d p le+m (b Ed p—lJ le—m (. ag
Y < 7 =1z, |—- Z 1= —1\Z,. 6
(dx xj r £E—m (laoj v dx x - g+m lbo r ©

Due to the known equations

from (6) we find a relative coefficient between the quantities a¢ and by:

Ne+m by =—ie—may.

Equations for functions f; and g;. Now, we turn to 6 equations from (3)

.d .b .d b
(8+l—jfl +i—g1=mgs, (8—1—)& —i—f3=mfi,
dr r d r

r
[8+iijf2 +i£g1 =(m—i£jg2, (S—ii}gz —i£f3 =(m+i£Jf2,
dr r r dr r r
d N2 b d N2 b
(8+z—jf3+l—g2+l—g3=mg1, (s—z—jgl—z—fz—z—f]=mf3. (7)
dr r r dr r r

It is convenient to employ the following variables
Ni+tg3=F,fi-g3=GC1, fr+g2=F,f2-g:=C, f3+g1=F,f3-g1=0;3.
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Summing and subtracting equations (7) within each pair, we produce

iG1+i(m—8)F1=+éG3, iFI—i(m+8)G1=—2F3;
dr r dr r

(i—ngz +i(m—8)F2 =+£G3, (i+g]Fz—i(m+8)G2 =—£F3;
r r dr r r

dr

d 2 b d 2

b
—G3 ——2G2 +i(m—8)F3 =+—G1, —F3 +—F2 —i(m+8)G3 =——F1.
r r dr r r

dr
This system may be presented in a matrix form
0 0 -b/r i(m+eg) 0 0
F F
: 0 —alr —2/r 0 i(m+¢) 0 :
Fz FZ
a\F —blr  2/r 0 0 0 i(mb+s) 7,
dr|Gy| |-i(m—¢g) 0 0 0 0 - |G|
r
G G
G2 0 —i(m—¢g) 0 0 alr V27 G2
3 3
0 0 —i(m—¢) blr N2/r 0
or more shortly
0 0 b
4.4 F=i(m+¢)G, (i—ész—i(m—g)F, A=0 a 2|
dr r dr r
b V2 0

Applying the exclusion method, we derive equations for F =(Fy, F», F3) and G =(Gy, G, G3)
42
AF =(A%* + A)F, AG=(4>-A)G, A=r? F+.~az -m? |
r

We have found transformations S and S’ which diagonalize two mixing matrices:
g g

Mo000
F=S8F, AF=(STS™OF, STS'=|0 %, 0}
0 0 Az
Ay 0 0
G=SG, AG=(ST's'"™ G, ST's'=|0 > O]
0 0 24

In this way, we get 8 separated equations (also we write down equations for Fjy and Gy)

d? (' +1 L
(7+82—m2—ﬂj—2)JF0=0, J'=j+1/2, Fy=aofju2;
r r

=0, j'=j-1/2, Go=bof;12;

S

2 o
(d_ﬂ,z_mz_f(f +1)]G

dr? P2

d? "G+ | = g =
(F“z_’"z‘ﬂj—z)]ﬂﬂ, J'=j=112 Fi=aifj;
' r
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2o s JUHD )= v =
y +e°—m - 61205 J=J+1/2, Glzblfj+1/2;
-

2
d’> oo JUHD) o =
F_,_S —m? = By =0, = j+3/2, Fy=asfjin:
v r

d? ') | = g -
{W”z‘mz‘j(]—z)]GfQ J'=7=312 Gy=baf -3

r

r

d? ' +1) | g —
[F+82_m2_1(1—2)j}7320, J=7-1/2, Fy=as3f;2;
r

d2

G+ | = g =
{P+82_m2_](1—2)JG3=0, J=j+1/2, G3=bsfjan.

r

They have similar mathematical structure, and all may be reduced to Bessel’s type.

It should be emphasized that parameters a;, a,, as and by, by, by cannot be considered as indepen-
dent, because there exists the first-order differential equation which relates F and G:

(i+£jF =i(m+¢)G;
dr r

whence with the formulas F =S 'F and G=S ~'G in mind, we derive
-1
(i-i- 545 JF =i(m+¢)SS''G.
dr r

We have found the matrices SAS ' and SS '~1 this makes possible to obtain linear constraints

le—-m 1 j+3/2 .
b = 2 +1\/§a —2a +x/§a ,
! l\/8+m4(j+1){\/j—1/2(( 7+ DV2e~2as 2}

-m 1 j+3/2
+m4(j+1) [\ j-1/2

€
by =i (@j+Da —ﬁasj—(zm)az},
€
e—m| 1
by =i,|——{—=a;—as|. 8
2 - { NG 1 3} ®)
Two independent solutions. With the use of the properties of Bessel functions, all differential equa-
tions have been transformed to algebraic form, so in total we have 4 independent algebraic constraints

\/Eal—agz—qj—1/2\/§bo, \/Ebl—b3=+«lj+3/2ao,

izLao—(j+3/2)\Ea1+\/(j+3/2)(j—1/2)\/5a2+(2j+1)a3=0,
o

i%bo+(j—1/2)\/§b1 —JG+372)(j=1/2)\2by = (2 +1)b3 = 0; ©)

1 1
Ne+mby =—iNe—may, 2—=4(j+1)«/2j—1, E=—4j«/j+3/2.
o
Two first relations in (9) permit us to exclude the parameters ag and by:

ap = \/5 by - '1 b3,
Ji+3/2 o j+3/2

ay 1
by =— + as, 10
m2 -z (19
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so from (9) we get
; r

2am
B\/T(

In turn, taking into account v'& —mag =i/ € + mby from (10) we derive
e iNe+m as
(\/7 2b) — = —-a)+—1|.
\NJ+3 2

—————(N2b = b3) = (j+3/2N2a; +J(+3/2)(j —1/2)N2ay + (2 +1)az =0,

j+(] 1/2)\/—1)1 \/(]+3/2)(]—1/2)\/_b2—(2]+l)b3— (11)

«/j—l/Z

This identity permits us to transform equations (11) to the form, when the first equation includes only a;,
and the second one contains only b;:

e e

dgj b)) (.1 . b3 A R 0 PR
8+m(b \/Ej (] 2]b1+(2]+1)\/§+ (/+2j(1 2}1)2 0; (12)

note that ag,by may be found from (10). The general structure of two equations (12) is

Avay + Aray + Asaz =0, Biby + Boby + B3by =0.

We are to fix two independent solutions of the main linear constraint for coefficients a;. In this way ob-
tain two independent solutions of the equations for spin 3/2 particle, evidently there exist many possibil-
ities for that choosing. By simplicity reason, let us take the following solutions:

M, V=0 = 4a+4a"=0 =

a(l):_ﬁa(l): (e-m1J(j-1/2)(j+3/2) 2al);
3 Ay 2 4(j+De+(2j +1)(e—m)

b

2), a?=0 = 4aP+4aP=0 =

Lo __ Ao (E=my(-1/2)(j+3/2) .0
1 47 4j+De—(j+3/2)(e— m)

To simplify the above expression, we may set

20— 1 eI 1 .
(e—m)W(j—1/2)(j+3/2)’ : (e—m)J(j—1/2)(j+3/2)

Corresponding sets of parameters b,-(l) and bl-(z) may be found with the help of relations (8). It is readily
verified that the second constraint Bib; + B,b, + B3bs =0 turns to be identity 0 = 0 for both solution (1)
and (2).

Conclusions. The wave equation for a spin 3/2 particle is solved in spherical coordinates.. Solutions
of the radial equations are constructed in the form of linear combinations of Bessel functions. With the
use of the known properties of Bessel function, the system of differential equations is transformed to the
purely algebraic equations with respect to three quantities a;, a;, a3. Its solutions may be chosen in vari-
ous ways as solutions of the simple linear constraint 4;a, + A>a, + Asasz =0, where coefficients A; are
expressed trough the quantum numbers. Two most simple and symmetric sets are found, a(l) and a(z)
Thus, at fixed quantum numbers {g, j, m, P} there exists double-degeneration of the quantum states. Ex-
plicit form of the operator associated with such degeneration has been not found.
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