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OIIOPHBIE TOUKH MOJYHEINPEPBIBHBIX CHU3Y ®YHKIUI OTHOCUTEJbLHO
MHOJKECTBA JIMIINUIEBBIX BOTHYThIX ®YHKIIU

Annorauus. Jlnsg GyHKIHNiHA, ompeaeneHHBIX Ha HOPMEPOBAHHEIX IPOCTPAHCTBAX, BBOINUTCS IOHATHE LC -BrinyKIocTH,
KOTOpoe 0000MIaeT MOHSITHE KJIACCHYECKH BBIMYKIBIX (GyHKIMH. LC-BBIMYKIBIMA Ha3BaHbl Takue (YyHKIIHH, KOTOpbIC
SIBIISIFOTCSL BEPXHUMH OTHOAFOIIMMHE HEKOTOPOr0 MHOXKECTBA JTHIIIMIEBBIX BOTHYTHIX QyHKIHiL. J[oka3siBaeTcs, 9TO PyHK-
s siBrsiercs £C-BBITYKION B TOM 1 TONBKO TOM CIIyuae, KOI/[d OHa IIONyHETPEepbiBHA CHU3Y M, KPOME TOr0, OrpaHHuCHa
CHHM3Y HeKoTopo# nunmmuneBod ¢yHkiueid. Kak o0oOuenune moHsTHs riobanbHOro cyonuddepeninana KIacCHYECKH
BBITTYKJIOH (DyHKIHH, BBOAATCS MHOKECTBO ONOPHBIX £C-MHHOPAHT K (yHKIMH B 33JaHHOI TOUKE H MHOKECTBO HIKHHX
LC-0nopHBIX TOueK (GYHKIUH, B TGPMUHAX KOTOPHIX 3aTEM YCTAHABIMBAKTCSA KPUTEPHIl 15l TOUCK II06ATEHOr0 MUHIMYMa
U HEOOXOAMMOE YCIIOBHE JUIsl TOUEK TII00aIbHOI0 MaKCHMyMa HerJTaKuX GyHKIHH. BaXKHbIM pe3ybTaToM JaHHOTO CO00-
L[eHMs SBIAETCS 0KA3aTEIbCTBO TOro, uTo uisi LC-BHIMYKIBIX (yHKIMHA MHOXKECTBO HMKHHUX LC-OMOPHBIX TOUEK
SIBIISICTCS TUIOTHBIM B ee 3(dekTuBHON obnacTu. JJaHHOE yTBEPXkKJICHUE PaclpoCcTpaHsIeT Ha OoJiee MHMPOKUil Kitace Mmoiy-
HEMPEPBIBHBIX CHU3Y QYHKIHUIT H3BECTHYIO TeopeMy bponactena—Pokadennapa o cymecTBoBaHnu cyoanddepenunana as
KJIACCHYECKHU BBIYKIIBIX TTOJYHENPEPbIBHBIX CHU3Y (QYHKIUI B BOCXOAAT K OJHOMY M3 Ba)KHEHIINX Pe3yJIbTaToB KJIACCH-
YECKOro BBIIYKJIOTO aHajn3a — Teopeme burona—denrica o MIOTHOCTH OMOPHBIX TOYEK B TPAHUIIE 3aMKHYTOTO BBIITYKJIOTO
MHOKECTBA.
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SUPPORT POINTS OF LOWER SEMICONTINUOUS FUNCTIONS
WITH RESPECT TO THE SET OF LIPSCHITZ CONCAVE FUNCTIONS

Abstract. For the functions defined on normed vector spaces, we introduce a new notion of the Eé-convexity that
generalizes the classical notion of convex functions. A function is called to be LC-convex if it can be represented as the upper
envelope of some subset of Lipschitz concave functions. It is proved that the function is LC-convex if and only if it is lower
semicontinuous and, in addition, it is bounded from below by a Lipschitz function. As a generalization of a global subdif-
ferential of a classically convex function, we introduce the set of £LC-minorants supported to a function at a given point and
the set of LC -support points of a function that are then used to derive a criterion for global minimum points and a necessary
condition for global maximum points of nonsmooth functions. An important result of the article is to prove that for a L£C-
convex function, the set of £C -support points is dense in its effective domain. This result extends the well-known Brondsted—
Rockafellar theorem on the existence of the sub-differential for classically convex lower semicontinuous functions to a wider
class of lower semicontinuous functions and goes back to the one of the most important results of the classical convex
analysis — the Bishop—Phelps theorem on the density of support points in the boundary of a closed convex set.
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Beenenune. OqHUM M3 KIIOYEBBIX PE3YJBTATOB KJIACCHYECKOTO BBIYKJIOTO aHalln3a SIBIISETCS
yTBEpXkKAEHUE O ToM (Hamp., [1]), uTo Mr0das momyHenpepbIBHAS CHU3Y BBIMYKIas GyHKIHS — BEPXHSS
orubaromiasi ee HempepbIBHBIX aQPUHHBIX MUHOPAHT. DTO YTBEPKJICHHUE CIPABEIIIUBO B AOCTATOUHO
O0IIKX MPOCTPAHCTBAX, B YACTHOCTH, B BEIIECTBEHHBIX HOPMUPOBAHHBIX U JIAKe JIOKATBHO BBIITYKJIBIX
npoctpancTBax. Hambonee BakHYIO pONb NpU aHAJIM3€ BBIMYKJIBIX (QYHKIHWHA HIparoOT Takue ee
HempepbIBHBIE aQQUHHBIE MUHOPAHTHI, KOTOPBIE UMEIOT ¢ rpadukoM (QYyHKIUHU OOmIyI0 TOuky. Mx
MIPUHATO HA3bIBATh OMOPHBIMH, & TOYKHU, B KOTOPBIX OMIOPHBIC MUHOPAHTHI MIEPECEKAIOTCS C IPaKOM, —
OMOPHBIMU TOYKaMu. HenpepbiBHBIE THHEHHBIE (PyHKIINH, COOTBETCTBYIONIUE HENIPEPhIBHBIM ad(uH-
HBIM MUHOPaHTaM, OMIOPHBIM K (YHKIIMH B 33JJAHHOM TOYKE, HA3bIBAIOTCSI CyOrpaiueHTaMHt, a UX COBO-
KYITHOCTb — CyOaudQepeHIaioM BEyKiIoi GyHkuuu B 3Toi Touke. CyonuddepeHnnan spaseTcs
CTOJb k€ DPPEKTHUBHBIM CPEACTBOM aHallM3a HETJaJKHX BBIMYKJIbIX (yHKIMH KaK M KIaCCHYCCKHH
muddepeHnpan B cirydyae MporU3BOIBHBIX IMAAKUX (YHKIWH, B CBSI3U C YeM HCCICJOBAHUSM CBOHCTB
cyonuddepeHuana u ero TPUMEHEHUSIM B BBIITYKJIOM aHaJIM3€ MOCBSIIEHBI MHOTOYHCIICHHBIE pa0OTHI
(cm. [1-3] m uuTHpyemyto Tam uteparypy). Haunnas ¢ 1970-x rogoB 6oibline yCHiins HcciaeaoBaTene
OB HAIpaBJICHBI TAKXKE Ha PaclpoCTpaHeHue MOHATUs cyOnuddepeHimana Ha OoJice NMIUPOKHE
KJIACChl HETJIaJKUX (He 00sA3aTe’bHO BBIMYKIBIX) QyHKIUN. B 0CHOBHOH Macce Takux padoT aHaio-
TUYHO KaK M B Clly4ae BBIMYKJBIX QYHKIUH B KaueCTBE 3JIEMEHTApHBIX (YHKIIMI paccMaTpuUBalIUCh
Takke HempepbiBHbIE adduHHBIe QyHKIHH. OTIHYNE OT KJIACCHYECKH BBITYKJIOTO CIIy4asi COCTOMT
B JIOKQJIbHOM ONPEAETICHUH TOro, uTO adpduuHas QyHKIUS SBISIETCS ONOPHON K MCCIIEAyeMOU Hera -
KOU (PyHKIIMU M, CJICOBATEIIBHO, B JIOKAJIBHOM ONpEJeIIiCHnN cyOrpaaueHTa u cyonuddepeniuana.
PasznuyHble TOAXOMBI K JIOKATBHOMY OIPECIICHUIO CYyOrpaiueHTa MPUBEIN K BOSBHUKHOBEHHIO LIEJIOT0
psiaa pa3iIMdHbIX NOHATUN cyOnuddepeHuana, B 4aCTHOCTH, TaKuX Kak cyonuddepenuunan [leno [4],
cyonuddepennuan Knapka [5], cyonuddepennnan Mutnens—Ileno [6], cyonuddepennuan dperie [7],
npenenabHbie cyonuddepennmans Kpyrepa—Mopayxosuua [8§].

Hpyroit monxon k 0000mIeHn 0 MOHATHs cyOquddepeHnrana s HeBBITYKIbIX QyHKIUNA OepeT
ceoe Havano B ucciemoBanusx C. C. Kyraremamze m A. M. PybOunoBa [9], omyOJIMKOBaHHBIX eIIle
B 1970-¢ roapl, XOTsI OKOHUATENIBHO OH O(GOPMMJICS JIMILIBb K KOHILY IPOIIJIOrO BEKa B paMKax TEOPUH
abcrpakTHOH BhiykJocTd [10—12]. CyTh 3TOr0 moaxoxa B cieayoueM. 3agaeTcs HEKOTOPBIH Kiacce
BEIIECTBEHHO3HAUHBIX (DyHKLHMH, CKakeM Kiacc H, KOTOpble paccMaTpUBAIOTCS KaK dIeMEHTapHBIC.
AOCTPaKTHO BBHIMTYKIBIMH WJIH 7{-BBITYKJIBIMU Ha3bIBAIOTCSl YHKIIMH, TIPEICTABUMBIC B BUJIC BEPXHUX
ornOarIMMUX HEKOTOPOTO ceMeicTBa (DyHKIMM, mpuHamIekamux kiaccy H. [lomobHO Kimaccuuecku
BBIMYKJIBIM (DyHKLHSIM, CBOMCTBA KOTOPBIX XapaKTEPU3YIOTCsS ONOPHBIMH addUHHBIMU (yHKIHSIMU
U COOTBETCTBYIOLIUMHU MM CyOrpaiueHTaMH, JJIsl XapaKTEePUCTHKU CBOMCTB TH{-BBIMYKIBIX (YyHKIIHHA
HCTIOJIb3YIOTCSL OTIOPHBIC H-MHUHOPAHTHI, T. €. TaKHEe IJI00aIbHbIe MUHOPAHTH! H-BBITYyKIOH (QYHKIIUH,
KOTOPBIC HMEIOT C €€ IpauKOM OOIIYI0 TOUKY U NpUHaaiexkar kiaccy H. COBOKYIHOCTb H-MUHOPAHT,
OMOPHBIX K H-BBIMyKJIOW (QYHKIHMH B 3aJaHHON TOUKe ee TpaduKa, sSBISETCS aHAJIOTOM cyomud-
(epeHIMaNa KIaCCHYECKU BHIMYKIOH (GyHKIHUH. [10CKOIBKY B KauecTBE OMOPHBIX B JIAHHOM cllydae
paccMmarpuBaroTcs TIIOOANbHbIE H{-MHHOPAaHTHl, TO Takoe 0000meHue cyoauddepeHnnana TaKxKe
SIBIISIETCS T7100abHBIM. Vcnonb3ys B KauecTBE 3JIeMEHTapHBIX (YHKIIMHA pa3IndHbIe CeMEHCTBA QyHK-
uwmii ‘H, B [11; 12] BeIICICHBI M UCCIIEIOBAHBI PAa3IMYHBIC BAXKHBIC B IPUIIOKECHUSX KJIACCHI a0CTPAKTHO
BBIMTYKJIBIX (DYHKIUH.

Hactosimmast paboTta BBINOJNIHEHa B paMKaxX BTOPOro Mojaxoja. B kauecTBe kiacca JIeMEHTapHBIX
(yHkuuit H MBI paccMaTpruBaeM MHOKECTBO £C (X, R) nummuneBbIx BOTHYTHIX (QYHKIIHH, onpene-
JICHHBIX Ha BEIECTBEHHOM HOPMHPOBAHHOM IPOCTPaHCTBE. BBIOOp AaHHOrO Kiacca MOTHBHUPOBaH
CIEYOIIUMU IPUIUHAMU. BO-IIepBbIX, MHOKECTBO Eé‘(X , R) conepxuT B cebe MpoCTpaHCTBO HEIpe-
PBHIBHBIX a@HUHHBIX (YHKIIMH, BCIEACTBUE ITOTO JI00as MOJyHENPEPbIBHAS CHU3Y KJIACCHYECKU BBI-
nykias QyHKOus OyAeT Takke U ﬁé—BLIHyKnoﬁ ¢ynaknuei. Takum oOpazom, Kiacc ﬁ(:’—BLInyKnLIx
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GyHKIMH OyIeT SBISITHCA €CTECTBEHHBIM PACHIMPEHHEM KJlacca KIIAaCCHYECKH BBIMYKIBIX (YyHKIIHH.
Bo-BTOpBIX, MHOKECTBO £C (X, R) conepxur Oomnploe pazHooOpa3ue Kak INagKuX, TaK U HErJaJAKUX
(GYHKIMHI, 9TO MO3BOJSET HAIESIThCA Ha TO, YTO ,Cé—BLIHYKJ'ILIMI/I OKa)XyTCsl (PyHKLUU JOCTaTOYHO
o0mMpHOrOo Kjacca Hermaakux (yHKnui. B coobmennn mokazaHo, 9To (QYHKIHS SBISETCS LC-
BBIITYKJIOW B TOM M TOJIBKO TOM CJIy4ae, KOT/Ia OHa SIBIISIETCS TIOJYHEIPEPBIBHON CHHU3Y U, KPOME TOTO,
SBJISICTCSl O'PAaHUYCHHON CHU3Y HEKOTOPOH JIUMIIMIEBON QyHKuHeH. BBBOAATCS MHOXKECTBO LC-mu-
HOpaHT (pPyHKLIHH, OTIOPHBIX B 3aJJaHHOH TOYKE, U MHOXXECTBO HIDKHHUX Eé—onopme TOYEeK (QYHKIUH.
MHOKECTBO ONOPHBIX E@—MHHopaHT 00o0mmaeTr noHsATHe raodansHoro cyoanddepennnana Kiaccu-
YCCKH BBITYKIIOH QyHKINH. BasKHEIH pe3ynbraT JaHHOTO COOOLICHHUS — JOKA3aTeIbCTBO TOT0, YTO IS
LC- -BBITYKJIBIX (DYHKIIMA MHOXECTBO HHMKHHUX LC- OTIOPHBIX TOYEK SIBJISETCS TJIIOTHBIM B ee d3(dex-
TUBHOU 00acTu. JlaHHOE yTBEPXkKACHUE PACIIPOCTPAHSET Ha OoJiee MIMPOKHIT KIlacc MOy HeITPEPhIBHBIX
cHu3y (yHKIMI u3BecTHYI0 Teopemy bponncrena—Pokadennapa [13] o cymiecrBoBanuu cyomudde-
peHIMana s KJIACCHYECKHU BBIMYKJIBIX MOTYHENPEPBIBHBIX CHU3Y (QYHKIIMH M BOCXOAST K OJHOMY M3
BKHEUIIUX PE3yIbTaTOB KJIACCUUYECKOTO BBIYKJIOro aHaiu3a — reopeme bumona—®ennca [14] o mot-
HOCTH OIIOPHBIX TOYEK B TPaHUIE 3aMKHYTOIO BBIITYKJIOIO MHOMKECTBA. 3aBEpLIAcTCs COOOIIEHHE
BBIBOJIOM KpUTEPHUsI MI00ATHFHOr0O MUHIMYMa U HEOOXOIMUMOT0 YCIOBHS TI00aIbHOI0 MAaKCHMYMa JISI
Hernagkux QyHKIUH, chopMyTupOBaHHBIM B TEPMHHAX MHOKECTBA OMOPHBIX e -MHHOPaHT QYyHKIIHH.

AGCTPaKTHO BhINYKJIbIe GYHKIHUH OTHOCHTEIbHO MHOKECTBA JIMIIIHMIEBbIX BOTHYTBHIX (PyHK-
umii. Berony manee R — MHOXKeCTBO BelIeCTBEHHBIX umcel, R := R U {+00, — 00} — pacimpeHHoe MHO-
JKECTBO BELIECTBEHHBIX 4Hcen. CuMBoOiIOM Z* 0003Ha4aeTcs, Kak 9TO MPHUHATO, COBOKYITHOCTh BCEX
Gynkuui f: X+ Z, ONpeneneHHbIX Ha MHOKECTBE X U MPUHMMAIOIIUX 3HAYCHUS B MHOXECTBE Z;
HIDKE, KaK MPaBHIIO, paccMaTpHUBalOTCA ciiydau, korma Z paBHo nmbo R, nu6o R. CoBokymHOcTH
gynxumnit RY u R mnpeanonaraiorcs ynopsao4eHHBIMH OTHOLIEHHEM HOToqequro CpaBHEHUS
f<ge f(x)<g(x) V xeX. Dppexmusrvim MHOJ/C@CWIGOM dynkunn f € R¥ nHaspiBaercs MHOXe-
ctBo dom f :={xe X | | f (x)| <+oo}. Oynkuus f € RY waseBaercs [-cobemeennori Wik mpocto cob-
cmeeHHoll, eciu f(x) > —oo st Beex x€ X u dom f # & u u-cobcmsennoii, ecnu GyHKIuUs — f ABISETCS
l-coOCTBEHHOM, T. €. ecnu [ (x) < +oo st Becex x€ X udom f # .

Hwxe Oynem npenmonarats, 9To X sSIBISETCS BENIECTBEHHBIM HOPMUPOBAHHBIM MTPOCTPAHCTBOM.

Hanomunwm, aro Gynkuus f € R* sBiseTcss monyHenpepsiBHON CHI3Y Ha X B TOM H TOIBKO TOM
ciydae, korga ee Haarpaduk epi f = {(x,y) e X xR | f(x) <17} saBusieTcst 3aMKHYTBIM TTIOJJMHOKECTBOM
B X xR.

ToBopsT (cm., Hamp., [10]), 9TO0 PyHKIUA A eR¥ YAOBIETBOPSIET Ha MHO)kecTBe O X ycnoguio
Jlunwuya ¢ koncmanmott Jlunwuya k > 0 unu, 9ato h aBusetcs k-runwuyesotl na mnoxcecmee Q< X,
ecii Q c dom#h u ’h(x’) - h(x)| < k”x - x'" vV x, x'e€Q.

OyHKIUS h Ha3bIBACTCS unuiuyesol na muodicecmae Q (yoosrnemsopsem yciosuro Jlunwuya na Q),
€CJIM OHa SIBJISICTCS A-JIUIIIUIEBOM Ha O PU HEKOTOPOM k > 0.

3aMeTuM, YTO A-TUMIIKLIEBA HA BCEM MpocTpaHcTBe X GYHKIUS /i SBISETCS BEILIECTBCHHO3HAYHOM
U, clIeoBaTebHo, 11 Hee dom /= X.

MHoxecTBO Bcex (GyHKOmi /e R, YIOBJIETBOPSIONINX HAa BCEM IPOCTPAHCTBE X YCIOBHUIO
Jlunmuna ¢ koHcTaHTol k& > 0, Oymem o0Oo3Hauath cuMBosioM Ly = L;(X,R), a MHOKECTBO BceX
JunmuieBsix Ha X pyHkuuid — cumposiom L= L(X, R). HerocpeacTBeHHO U3 ONpeAeaCHUH Cleayer,
4qTo ﬁ(X, R) = U keN ﬁk (X, R)

Huxe, ecr 5TO HE MOKET BBI3BaTh HEJONOHUMAHHE, BMECTO «(QYHKIIHS /1 ABIISETCS A-TUIIINLIEBON
Ha X WK JUNIIKLEBOH Ha X» OyIeM TOBOPUTDH MPOCTO, YTO «/ ABISETCS A-MUNIIMLEBON WM JIUI-
LIALIEBOW.

Bynem rosoputs, 4To QyHKIUS [ € R* snsiercs Ly-oepanuuennou cnuzy (L-oepanuuennou chu-
3y), €CJIU OHa orpaHquHa CHHM3Y HEKOTOPOH A-TUIIIUIIEBON (JIMMIITUIEBOH) QyHKIIHEH.

Oynxims h e RY nassiaercs soznymoii, ecin ee noarpadux hypo /:= {(x,y) € X xR | h(x) =y}
SBJISIETCS BBIITYKJIBIM TIOZIMHOXKECTBOM B X X R.

MHOXeCTBO JIMMIIULIEBbIX BOIHYTHIX (pyHKUMH OyaeM 0003HadaTb CHMBOJIOM LC=LC (X,R)
U pacCMaTpUBATh Jajiee B KAUECTBE KJIacca 3JIEeMEHTAPHBIX (PyHKLINH.
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Oyuknuio f € R* Oynem Has3biBaTh LC-8bInyK10M, €CIH ISl HEKOTOPOTO MHOXeCTBa QyHKIUI F

us LC (X, R) ona ynoBieTBOpsICT paBEHCTBY

f(x)=sup{h(x) | heF} nnsBeex x e X. )

OtMmeTruM, 4T0 QyHKIUU f(Xx)=—00 U f(X)=+00 ABISTIOTCSI LC- -BBIITYKJIBIMH, ITOCKOJIBKY OHHU yJI0-
BieTBOpsitoT pasencty (1) mpu F =@ u F = LC(X, R) COOTBETCTBEHHO.
Jns mpon3BosnbHON GyHKIINH f € R* mHOX)ecTBO S~ (LC fH=the L£C ‘h < f} O6ynem Ha3bIBaTh

HUDJICHETL EC—onopou Gdyukyuu f, a pynkuuu h u3z S~ (Ep, - £C—MuH0paHmaMu ¢yuxyuu f. Hero-
CPEACTBEHHO U3 ONpeeseHus cieayeT, uto, ecnu S (LC, f) =, To dyHKuus f asusercs [-coOCTBEH-
HOH U IIPU HTOM

f(x)2supih(x)|heS(LC, f)} ansbeex xe X. 2)

Herpyauo BuaeTh, uto dyukmus f € R* spnsercs LC-BBITKIOil B TOM W TOIBKO TOM CIydae,
KOrja JJis Hee HEpaBeHCTBO (2) BBIMOJHSETCS A7 BceX x€ X Kak TOYHOE PaBEHCTBO, T. €. B TOM
1 TOJIBKO TOM Ciy4ae, Korja

f(x)zsup{h(x)|heS7(£CA’, f)} nmgaBecex xe X. 3

Teopewma l. Jlwbas nunwuyesa na X pynxkyus f: X +— R saeraemca LC-ebinykioil.
HoxazartenscTso. M3BecTHO, uTo PyHKIUA [ : X > R sBISSTCS TUMIIUIIEBOM ¢ KOHCTAHTOM
k>0 B TOM U TOJIBKO TOM Cily4ae, Korjaa

f()=sup{f(y)—k|x—y[} mwscex xeX. @
yeX

CewmeiicTBo {x — f(y)— k"x - y|| | y € X'} COCTOMT M3 JIMIIIHMIEBbIX BOTHYTHIX (yHKINH, KOTOPbIE
B CHIIy k-JTUIIIUIEBOCTH f SBISIOTCS MHUHOpPaHTaMH [ W, ciefoBaTenbHo, npuHamiexar S~ (LC, f).
[losTOoMy paBeHCTBO (4) BiieUeT BBIIIOJHEHUE paBeHCTBA (3) W, 3HAYUT, QYHKLIUS [ ABIACTCA LC-BbI-
MYKJIOH.

Teopewma 2. Cobcmeennan pyukyusa f € R* sensemcs Eé—eblnykﬂoﬁ 8 MOM U MOJbKO MOM
cyuae, K020a OHA s88emcsl NOYHENPEPbIGHOU CHU3Y U, Kpome mo2o, L-02paHudeHHOl CHU3Y.

HokaszatTenbcTBOo HeoOXogumocTs. HOCKOJILKyL[nﬂn}o60171£é-BblnyKnoﬁ
COOCTBEHHOW (PyHKIIHMU f MHOKECTBO S _(Eé’ , /) HemmycTo (B MPOTHBHOM ClTy4yae B CHIIy paBeHCTBa (3)
MBI UMenH Obl f(x)=-), To f sBiusiercsi L-orpaHndeHHON cHm3y. Kpome Toro, u3 paBeHcTBa (3)
CII/TYET, UTO KaxKJas Eé-BLIHyKna;[ (GYHKIUS f, KaKk BEPXHsIsI Oruodaromiasi ceMeicTBa HellpephIBHBIX
(hyHKIMH, ABIISIETCA MOTYHETIPEPHIBHON CHU3Y.

HocrtatowunocrTs Henonssys npemnoxenue 4.2 u3 [15] MO)KHO MoKa3arh, 4TO Jto0as
MOTYHETIpepbIBHAST CHU3Y M Lp-OrpaHWYCHHAs CHHU3Y (QyHKIHUSA f e R* nomyckaer mpencraBienme
B BUJIE

S(x)=sup fi(x) VxelX, ®)
k2k
rne fr: X — R — k-munmuneBa QyHKIUS, TPAYEM MTOCIIEI0BATEIBHOCTh q)yHKuHﬁ {f,} ABnsercs He-
yObiBatoreit. [Tockonbky B cuity Teopembl 1 kaxnas GpyHKuus f, ABIAseTCs LC- -BBIMTYKJIOH, TO JJIsI KaK-
noro k > k umeem

fk(x)zsup{h(x)| heSf(ECA?, fr)} nngBcex xe X. 6)
[oncrarnsis (6) B (5), momyyum

f(x)zsup{h(x)| helUsr ST(LC, fr)} amsBeex xe X.

Tak xak S~ (LC, f) < S~ (LC, f) nns Bcex k > k, TO U3 TIOCJIEHETO PABEHCTBA 3aKII0YaeM, 4TO QyHK-
s f sBasiercs: LC-BBITYKIIOH.
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3ameuanue l. [lockonbky (cMm., Hamp., [1, [Ipennoxenue 3.1]) kaxaasi moMyHENpPEephIBHAS CHU3Y
BBIMYKJIAsl B KJIACCHYECKOM cMbicie (yHKuus f:X > R sBisercs BepxHeil orubaromeii ee Hempe-
PHIBHBEIX aQUHHBIX MUHOPAHT, TO 3 BKIouenns A(X, R) = LC(X, R), rae A(X, R) — npocTpanHcTBO
HenpepbIBHBIX apPUHHBIX QYHKIUH, ONpeAeIeHHbIX HA HOPMUPOBAHHOM MPOCTpPAHCTBE X, CIeayerT,
4TO JTE06As MONYHENPEPbIBHAS CHU3Y BBITYKIIAs B KJIACCHUECKOM cMbicie GpyHKus f: X > R sBms-
ercs LC-binykoi. Takim oGpasom, kinace L£C- -BBIYKJIBIX (DYHKIUI SIBIISIETCS HETPHUBUAJIBHBIM pac-
LIMPEHUEM KJIAcCa KIIACCHYECKHU BBITYKIbIX QYHKIMH.

OmnopHsie [,C-MI/IHOpaHTLI " EC-onopﬂble ToukHu (pyHkumii. bynem roBoputs, 4To LC-muHo-
panta he S~ ([,C f ) dyukuun f: X > R aBasercs onopHoii B Touke X € dom f, ecnu A(x) = f(X).
MHoxecTBO BCex LC- -MUHOPaHT QYHKIIUH f, 0nopruix ¢ mouke X € dom f, OysieM 0003Ha4aTh CHMBOJIOM
ST(LC, f,X). A

MuoxectBo S~ (LC, f,X) HENyCTO TOrJa U TOJBKO TOI/a, Korjaa

f(®)=max{h(x)he S (LC, )},

IIPY 5TOM MAaKCHMYM B [IOCJICIHEM PABEHCTBE JOCTUTACTCSl MMEHHO Ha TeX QYHKUMAX /i u3 S 7(£CA’ > ),
xotopsie npunagnexar S (LC, f,X). A

Ecmu S (LC, f,X) #J, To Touky X € dom f Oynem Has3bIBath HudicHeli LC-0nopHoll moukou QyHk-
yuu f. MHOXKECTBO BCEX HMIKHHX ﬁé—onopﬂblx Touek QyHKUuH f OyneM 0003HauaThb CHMBOJIOM
0~ (LC. ). _

Teopema3l. Ilyems f: X > R — pacuupenno-eewecmeennosnaunas Qynkyus, onpeoenennas
Ha Hopmuposannom npocmpancmee X, u nycmo X € dom f. Tozoa S™(LC, f,x)# D mozoa u monvko
mozoa, kozoa cywecmsayem seujecmaeennoe yucio k>0 makoe, umo

f()2 f(X)—k|x-X| vxeX. (7)

HJoxaszaTteunsbcrtso. [lycts S‘(ﬁ(:’, f,X) HeImycTo u MycTh heS‘(ﬁ(:’, f,x). Tak xak h
SBJISICTCS JIUIIIUIEBOM, TO CylmecTByeT k > ( Takoe, 4TO ’h(x)—h(y)| Sk”x— y|| U1 BCeX X, Ve X.
[lonarast y =X u yuutsiBas, 4to A< f 1 h(X) = f(X), IPUXOIUM U3 TIOCTIETHETO HepaBeHCTBA K (7).

[Tpeanonoxknm Tenepb 9TO TPH HEKOTOPOM k > 0 mmeeT MecTo HepaBeHCTBO (7). 3amMeTuM, 4TO
byHkus h:x> f ( ) X— x" ABJISICTCS JTUMIINLEBOH U BOIHYTOH MHHOPAHTOH f M h(x) F ().

CrenoBaTebHO, heS™ (CC, f,X) n, 3Ha9uT, S~ (EC, f,x)=<.

Teopewmad Ilycmbv X — nornoe nopmupogannoe npocmpancmso u nycmo gyukyus f: X — R-
NOIYHENPePvIHA CHU3Y U, Kpome moeo, L-oepanudena cnuzy. Toeda MHOICecmao Q_(Eé , ) HudIcHuX
ﬁé-onopubzx mouek gyukyuu f nromno ¢ dom f.

HJoxkaszaTeunbcTBso. [lo reopeme 2 cemeiictBo S (LC, f), cocrosmee n3 LC-MUHOPAHT
(GYHKITNH f, HEITYCTO U

f(x)= sup Ah(x) migaBcex xe X. 8)

heS™(LC.f)
PaccmoTpum mponssoinbHyto TouKy a € dom f. U3 pasencrtsa (8) ciexyer, uto s aoboro € >0
muokectBo S~ (LC, f,a,€)={he S (LC, f) ‘h(a)+8 > f(a)} Henycro. 3aduxcupyem € >0 U BbI-

OepeM TpOU3BONIBHYIO PYHKIHIO e S~ (,CC , fya,€). Pynkuusa g:x— f(x)—h(x) aBasgercs nomy-
HEMPEPhIBHOM CHU3Y M OrpaHUYCHA CHU3Y, Tak Kak g(x) >0V x e X. Kpome Toro, g(a) < inf g(x) +e.
xeX

B cuny BapuanmonHoro npuHiiuna DkiaHga [1; 3; 8] mist aoboro 6 >0 cyiecTByeT Touka x5 € X
Taxkasi, 4To

. €

(i) g(xs)+<[lxs ~af < gla;

(ii) [xs —a] <8;

(iii) g(xa)<g(x)+§||x—x5|| JUISI BCeX X € X, X # Xj.
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Ycnosue (iii) MOKET OBITh TIEPEMTUCAHO B BUJIC

f(x) >h(x)—§||x—x5||+(f(x5)—h(x5)) Vxe X,x #Xxg.

OyHKIHA h:xe h(x)——”x x5||+( f(x5)—h(xs)) sBIsAETCS BOTHYTOW M JUNIIMLEBOW Ha X H,

KpOMe TOTO, h(xa) f(x5). CHGHOB&TCHLHO (GbyHKIHMS A SABISETCS OMOPHOU LC- -MUHOpaHTO! (hyHK-
uuu f B TOYKE X, OPUYEM B CHJy yciaoBui (i) u (ii) Touka x, mpuHamiexut (dom f)N Bs(a), rae
Bs(a)={xe X | |Tx5 —a|| <8}. CrnenoBarenbHo, X5 € 0~ (EC ).

Tax kak Touka a € dom f u 4uciao & > 0 ObLIM BHIOPAHBI MPOU3BONBHBIMHU, TO 3aKIHOYAEM, YTO
1100ast OKPECTHOCTH Kax 01 Touku u3 dom f comepKuT HUKHIOW L£C-0MOpHYIO TOUKY QYHKIUH f.

3amMeyanue 2 YTBepKAcHUE TeOpeMbl 4 pacmpocTpaHsieT Ha Oojiee MIMPOKHUI Kiacc mo-
JYHENPEPBIBHBIX CHU3Y (QyHKUMH M3BecTHYIO TeopeMy bponacrena—Poxadennapa [13] o cymectBo-
BaHUU cyOauddepeHirana s BTy KIbIX TOJIYHEPEPbIBHBIX CHU3Y (QyHKLIHK U BOCXOAHUT K OJHOMY
13 BaXHEHWIIUX PE3yJbTAaTOB KJIACCHYECKOro BBIIYKJIOro aHaiu3a — Teopeme bumomna—®@ennca [14]
0 IJIOTHOCTH OMOPHBIX TOUEK B FPAHHIIE 3AMKHYTOT'O BBIITYKJIOT'O MHOXECTBA.

YCII0BHSI 1151 TOYEK I100aIBHOT0 YKCTpeMyMa (yHKIMIA B TepMUHAX 0NOPHBIX £LC-MHHOPAHT.
B 3aK/IH0UCHHE [TOKAXKEM, 4TO MHOXKECTBA ONOPHBIX £ C-MUHOPAHT (y HKILIMH MOT'YT OITh HCIIONb30BAHEI
JUTSL XapaKTEPUCTUKH TOYEK INI00ATbHOT0 MUHUMYMa U MakcuMyMa (DyHKIIUH.

Teopewma5 (kpurepuii rI06anbHOro MuHUMyMa GyHKunK). Pyuxyus [ X — R docmuzaem
2nobanvHo2o munumyma 6 mouke x € dom f° 6 mom u monvko mom cayuae, kozoa c rx) €S (LC, f,X),
20ecyxy: X 2x f(X)eR —xoncmanmnas ynxyus, pasnas f(x) ors ecex xe X.

JAoxkasarensbcrts o CnpaBeaInBOCTb JaHHOTO KPUTEPHs CIEAYeT HEMOCPEICTBEHHO U3
orpenesieHui riaodanpHOro MUHUMYMa GyHKOUHM f U MHOkectBa S (LC, f,X), a TakkKe TOro, 4To
m00ast KOHCTAaHTHAsI, Oonee Toro, apguHHass QYHKIUS SBISCTCS BOTHYTOMH.

Teopema 6 (Heobxonumoe ycioBre 1II00AIBHOIO MAKCUMyMa). [Iycme O ynryuu f: X R
u mouku X € dom f mHoocecmeo S~ (£C f,X) onopmwix LC- -MuHopaum Qyukyuu f 6 mouxe X Henycmo.
Toz0a, ecnu X asnsemcs mouxoi 2n06anvrozo maxcumyma gyuxyuu f, mo 0x € 0" g(X) ona noboil
Qyukyuu g € S7(LC, f,X).

30ecy 0" g(¥) = {x* eX’ ‘ x*(x -Xx)2g(x)—g(x) VvV x € X} —knaccuueckuil cynep-ougppepenyuan
Mopo—Pokagpennapa eoenymoti ¢pynxyuu g 6 mouxe x, a 0 y — Hyne6oul Junenvlll (YyHKYUOHA, onpe-
OenenHulil Ha X.

HoxaszartenbcTBo. Ecnmu Touka X € dom f sBisieTcss TOYKOW 1I100aTBLHOTO MakCHMyMa
(hyHKIHH f; TO 175 M000# GyHKINH g € S 7(56’ , /»X) TOUKa X TaKkXe SBIACTCS TOYKOW III00aIBHOTO
MaKCUMYMa, a HOCKOIBKY (DYHKIIUHM g ABISIOTCSA BOTHYTHIMH, TO 3TO PABHOCHIIBHO yciioBHI0 0 y € 07 g(X).
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